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MUSING

Maths Musing was started in January 2003 issue of Mathematics Today. The aim of Maths Musing is to augment the chances of bright
students seeking admission into IITs with additional study material.

During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our
readers. It is heartening that we receive solutions of Maths Musing problems from all over India.

Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced.

OBLE
RSet 190 M I

A B C
1. If ABC is a triangle and tan—, tan—, tan— are in

H.P, then the minimum value of cotg =
@ 3 © 142 (@ 143

2. If a is a root of the equation ¥ -3x+1= 0, then
3

(b) 1

is

the value of
a +1

(a) 1/14  (b) 1/15 (c) 1/16 (d) 1/18

(i +n-14)/2 .

3. Coefficient of x in(x-1)(*-2) (x*-3)
(-4) . (" -n), (n28)is
(a) 13 (b) 21
(c) 28 (d) none of these
3 1+ f(1) 1+ f(2)

4. If f(m)=o"+p" and |1+ f(1) 1+f(2) 1+f(3)
1+ f2) 1+f(3) 1+f(4)

= k(1 - 0)* (1 - B)* (o0 - )% then k is equal to
(@) 1 (b) -1 () af  (d) 1/
5. Consider the integrals
_ 1 —X 2 _ 1 —x2 2
L —Joe cos” xdx, I, —'[Oe cos” xdx,
I —jle_xzdx and I —Jle_(l/ 2)x2dx The greatest
35 ), 4=, . &
of these integrals is
@) L (b) L (©) I (d) 1

JEE ADVANCED

5 -3
6. If A= [ J and det (-3A421 + A%01%) = B2

111 336
x (1 +y + v, then
(a) a=2013 (b) =3
(c) y=10 (d) None of these
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COMPREHENSION
Let us consider the equation
4 .4
cos x+sm X _ 1 xe O,E cab>0
a b a+b 2
7. In the given equation
.4 4
sin" x cos” x smx cosx
(a) = (b)
b a b
sinfx  cos* x sm2 x_ cos® x
(© E=E2 (@)
b a b
8. The value of sin’x in terms of aand b is
v —a? a +b*
@ Nab  ®) 15 @ S5 @ 5

9. plx)= x* + ax® + bx? + cx + d, where p(1) =10, p(2)
= 20, p(3) = 30, then value of
Pa2) +pE8B) 193 is

10

10. Match the following:

Column-I Column-II
P. @, b, are non-coplanar vectors, | 1. lazbz
then (G+b+¢)[(@+b)x(@+¢)]= 4
Q. If l;, ¢ are any two non- 2. | —[a b ¢l

collinear unit vectors
and 7 is any vector, then

o a(bxo) -
(a- b)b+(a )c+ (
|bx¢|

%
N

R. If g, l;, ¢ are non-collinear vectors, | 3. | 4
then [d+b+¢,d—¢,d—b]=

4. =3[abe]
P Q R
@3 2 1
(b) 2 3 4
(c) 1 2 3

d 1 4 4 @



BRAIN

Application of Derivatives

TANGENTS AND NORMALS

e Lety=f(x)be the given curve. The equation of the
tangent at (x, y1) is

_(dy
()/—)/1) B (E)(xbyl)(x_xl)

d
o y_f(xl):(é)(xb ) (=)

e  The equation of the normal at (x1, y;) is

1
Yy=n=- dl (x_-xl)’
dx )1

provided that (d_y) =0
dx (x.01)

ANGLE OF INTERSECTION OF TWO CURVES

e Lety=f(x)and y = g(x) be two given intersecting
curves. Angle of intersection of these curves is
defined as the acute angle between the tangents
that can be drawn to the given curves at the point

of intersection.

. m, +m

ie., tan9=| L2 where m; and m, are the
1-mym,

respective slopes of the two curves.

MONOTONICITY

Let y = f (x) be a given function with ‘D’ as its domain.

Let D; C D, then

e Increasing Function: f{(x) is said to be increasing in
Dy if for every x1, X, € Dy, x1 > x5 = f(x1) > flx).
flx) is increasing in [a, b] if f(x) >0V x € (a, b).

e Non-decreasing function: f(x) is said to be non-
decreasing in D; if for every x1, x, € Dy, x1 > X,
= flx1) = f(x,). f (x) is non-decreasing in [a, b]
iff(x)20V x€ (a,b).

e  Decreasing function: f(x) is said to be decreasing
in Dy if for every x1, x, € Dy, x1 > X = flx1) <flx).
f(x) is decreasing in [a, b] if f(x) <0 V x € (a, b).

e Non-increasing function : f(x) is said to be non-
increasing in D if for every xy, x, € Dy, x; > x;
= flx1) £ flx,). flx) is non-increasing in [a, b] if
f'(x)<0V xe (a,b).

Notes :

(i) Iff'(x) 20V x e (a, b) and points which make
f’(x) equal to zero (in between (a, b)) don’t form
an interval, then f(x) would be increasing in
[a, b].

(if) If f'(x) <0V x € (g, b) and points which make
f’(x) equal to zero (in between (a, b)) don’t form
an interval, then flx) would be decreasing in
[a, b].

(iii) If(0) =0and f"(x) 20 V x € R, then
fix) S0V xe (—o0,0)and flx) 20 V x € (0, o)

(iv) If(0) =0and f'(x) <0V x € R, then
f(x) 20V x€ (—o0,0) and flx) <0V x € (0, )

(v) A function is said to be monotonic if it is either
increasing or decreasing.

(vi) The points for which f"(x) is equal to zero or doesn’t
exist are called critical points. Here it should also
be noted that critical points are the interior points
of an interval.

(vii) The stationary points are the points where
f’(x) = 0 in the domain.

MAXIMA AND MINIMA

e Local maxima and Local minima: Let y = f (x)
be a function defined at x = a and also in the
vicinity of the point x = a. Then, f (x) is said to
have a local maximum at x = g, if the value of
the function at x = a is greater than the value of
the function at the neighbouring points of x = a.

Sanjay Singh Mathematics Classes, Chandigarh, Ph : 9888228231, 9216338231
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Similarly f(x) is said to have a local minimum at
x = a, if the value of the function at x = a is less
than the value of the function at the neighbouring
points of x = a.

TEST FOR LOCAL MAXIMUM/ MINIMUM

o  Test for local maximum/minimum at x = a if f (x)
is differentiable at x = a:

¢ Letf(x)is differentiable at x = g and it is a critical
point of the function, if f’(a) = 0 and if f’(x)
changes its sign while passing through the point
x = a, then
(a) flx) would have a local maximum at x = a if
f’(a-0)>0and f’(a+0) <0. It means that f’(x)
should change its sign from positive to negative.
(b) flx) would have a local minimum at x = a if
f’(a-0)<0andf’(a+0)>0. It means that f'(x)
should change its sign from negative to positive.
(c) If flx) doesn’t change its sign while passing
through x = g, then f(x) would have neither a
maximum nor minimum at x = a.

¢ Second order derivative test for maxima and
minima
Let f(x) be a differentiable function on an interval
I.Let a € Iand f”(x) is continuous at x = a. Then
(a) x = a is a point of local maximum if
f’(a) =0and f”(a) <O0.
(b) x = a is a point of local minimum if
f’(a) =0and f”(a) > 0.
(¢) Iff’(a)=f"(a)=0andf"(a) #0 if exists, then
x = a is neither a point of local maximum nor a
point of local minimum.

e  Test forlocal maximum/minimum at x = a if f (x)
is not differentiable at x = a:
Case 1: When f(x) is continuous at x = a and
f’(a-h)and f’(a + h) exist and are non-zero, then
f(x) has alocal maximum or minimum at x = g if
f’(a - h)and f’(a + h) are of opposite signs.

o Iff'(la-h)>0andf’(a+h)<0,then x =awill be
a point of local maximum.
If f'(a-h)<0andf'(a+h) >0, then x = a will be
a point of local minimum.
Case 2: When f (x) is continuous and f’(a - h) and
f’(a + h) exist but one of them is zero, we should
compare the information about the existence of local
maximum / minimum from the basic definition of
local maximum / minimum.
Case 3: If f (x) is not continuous at x = a and
f’(a-h)and/or f’(a + h) are not finite, then compare
the values of f (x) at the neighbouring points of x = a.
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CONCEPT OF GLOBAL MAXIMUM/MINIMUM
Let y = f (x) be a given function with domain D. Let
[a, b] < D. Global maximum/minimum of f (x) in
[a, b] is basically the greatest/least value of f (x) in [a, b].
Global maximum and minimum in [g, b] would always
occur at critical points of f(x) within [a, b] or at the
end points of the interval.
e Rolle’s Theorem : It states that if y = f (x) be a given

function and satisfies following conditions :

+  f(x) be continuous in [a, b]

o flx) be differentiable in (a, b)

. fla) = fib),

then f’(c) = 0 at least once for some ¢ € (g, b).
e Lagrange’s Mean Value Theorem: It states that if

y = f(x) be a given function and satisfies the

following conditions :

o f(x) be continuous in [a, b]

+  f(x) be differentiable in (g, b)

b)—
then, f'(c) = w at least once for some
—a
c€ (a, b).
PROBLEMS

1. The tangent at (t, > - t3) on the curve y = x* - x3

meets the curve again at Q, then abscissa of Q must be
(a) 1+2t (b) 1-2t (c) -1-2t (d) 2t-1

2. 'The point of intersection of the tangents drawn to
the curve x?y = 1 - y at the points where it is meet by the
curve xy = 1 - y, is given by

(@ (0,-1) (b) (1,1)

(c) (0,1) (d) none of these

3. The tangent at any point of the curve x* + 3 = 2
cuts off length p, g on the coordinate axes, the value of
Py

(a) 29 (b) %
(c) \/E (d) None of these

4. The number of points in the rectangle
{(x, )| - 12 < x <12, -3 < y < 3} which lie on the curve
y = x + sinx and at which the tangent to the curve is
parallel to the x-axis is

(@ 0 (b) 2 (c) 4 (d) 8

5. A curve with equation of the form y = ax* + bx>
+ ¢x + d has zero gradient at the point (0, 1) and also
touches the x-axis at the point (-1, 0), then the value of
x for which the curve has a negative gradient are

(a) x>-1 (b) x<1

(c) x<-1 (d) -1<x<1



6. A cubic polynomial f(x) = ax® + bx?> + cx + d has
a graph which touches the x-axis at 2, has another
x-intercept at -1 and has y-intercept at -2 as shown. The
value of, a + b + ¢ + d equals to

4__
3__

(@) -2 (b) -1 d) 1

7. A horse runs along a circle with a speed of
20 km/hr. A lantern is at the centre of the circle. A fence
is along the tangent to the circle at the point at which
the horse starts. The speed (in km/hr) with which
the shadow of the horse move along the fence at the

moment when it covers 1/8 of the circle is
(a) 20 (b) 60 (c) 30 (d) 40

8. 'The x-intercept of the tangent at any arbitrary

() 0

point of the curve 12 + % =1 is proportional to
x
(a) square of the abscissa of the point of tangency
(b) square root of the abscissa of the point of tangency
(c) cube of the abscissa of the point of tangency
(d) cube root of the abscissa of the point of tangency

9. At any two points of the curve represented
parametrically by x = a(2cost — cos2t); y = a(2sin t - sin2t)
the tangents are parallel to the axis of x corresponding
to the values of the parameter ¢ differing from each
other by
(a) 2m/3  (b) 3m/4

() m/2 (d) m/3

2+x°, ifx<l

10. Consider the function f(x)= >
3x, ifx>1

then

(a) f1is continuous on [-1, 2] but is not differentiable
on (-1, 2)

(b) mean value theorem is not applicable for the
function on [-1, 2]

(¢) mean value theorem is applicable on [-1, 2] and
the value of c =1

(d) mean value theorem is applicable on [-1, 2] and

the value of cis + N>

11. Letflx) =1+ x™(x - 1)" where m, n € N. Then in
(0, 1) the equation f’(x) = 0 has

(a) no root (b) at least one root

(c) at most one root (d) exactly one root

12. 1f f(x)z[“f“_5
—a

decreasing function then value of 4 lies in the interval

—1]x5—3x+log3Vxe Ris

3
() [—,oo) (b) (=0, 1)
5
5
(C) |:_>°°) (d) (l)oo)
3
13. Function f (x)=w is monotonically
2sinx+6cosx
increasing when
(@A) A<1 (b) A>1 (c) A<2 (d) A>2

14. Given that fis a real valued differentiable function
such that flx) - f'(x) <0, for all real x it follows that

(@) f2(x)is increasing function

(b) f?(x) is decreasing function

(¢) f(x)isincreasing function

(d) f(x)is decreasing function

15. A function y = f(x) is given by x= and

1+¢

y= 1 > for all t > 0, then fis
t1+1t7)

(a) increasing in (0, 3/2) and decreasing in (3/2, =)

(b) increasing in (0, 1)

(¢) increasing in (0, o)

(d) decreasingin (0, 1)

16. Number of roots of the function f(x)= ! 3
-3x + sinx is (x+1)
(@) 0 (b) 1

() 2 (d) more than 2

17. Let f: [-1, 2] — R be differentiable such that
0<f(t)<lforte [-1,0]and -1 <f'(Y) <O forte [0,2].
Then

(@) 2=f(2)-fl-1)<1
() -3<f2)-f-1)<0

(b) 1<f2)-f-1)<2
(d) 22f2)-f-1)<0

T
18. Let f’(sinx) < 0 and f “(sin x) > 0, V xE(O,E)

and g(x) = f(sinx) + f(cosx), then g(x) is decreasing in

nn (O E)

@ |75 b) |0
T T T
o i) e (3
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1
|x3+x2+3x+sinx|(3+sin—), x#0
x

0 , x=0

19. Let f(x)=

Then value of point where f (x) attains its minimum is

(@) 0 (b) 1 (c) 3 (d) infinite

20. The minimum value of the function

p q
f(x)="—+2—, where l+l=1,p> 1is

P 4
(a) 1 (b) 0
(c) 2 (d) None of these

21. Ifa<b<c<dandxe R, then the least value of the
function flx) = |x —a| + |[x - b| + |x - ¢| + |[x - d| is

(@) c-d+b-a (b) c+d-b-a

(c) c+d-b+a (d) c-d+b+a

22. The set of values of p for which the points of
extremum of the function f{x) = x> - 3px? + 3(p* - )x +1
lie in the interval (-2, 4), is

(@ (3,5 () (-3,3) (0 (-1,3) (d) (-1,5)

23. Number of solution(s) satisfying the equation,
3x% - 2x3 =logy(x* + 1) - log, x is

(@) 1 (b) 2

(c) 3 (d) none of these

24. The equation of the line through (3, 4) which cuts
the first quadrant in a triangle of minimum area, is

() 4x+3y-24=0 (b) 3x+4y-12=0

(c) 2x+4y-12=0 (d) 3x+2y-24=0

25. The minimum value of a tan?0 + b cot?0 equals the
maximum value of a sin20 + b cos?0 where a > b > 0,

when
(@) a=b (b) a=2b (¢) a=3b (d) a=4b

26. Let hbe a twice continuously differentiable positive
function on an open interval J. Let g(x) = In(h(x)) for
each x € J. Suppose (h'(x))? > h”(x) h(x) for each x € J.
Then

(a) gisincreasing on ]

(c) gisconcaveupon]/

27. The graph of y = f(x) is shown. Let F(x) be an
antiderivative of f(x). Then F(x) has

(b) gis decreasing on J
(d) gis concave down on J

yA
y = flx)
\ 2m/3 4m/3 / ~
E/MR\AR/Z 27
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(a) points of inflexion at x = 0, Z_TE, n’4_7t and 27, a
3 3
local maximum at x = 7/2, and a local minimum at

x=3m/2
2T

(b) points of inflexion at x = 0, ==, 4n
3

n,— and 27, a
3

>

local minimum at x = /2 and a local maximum at
x=3m/2

(c) point of inflexion at x = m, a local maximum at
x = 1/2, and a local minimum at x = 37/2

(d) point of inflexion at x = m, a local minimum at
x =T1/2, and a local maximum at x = 31/2

28. The value of the real number a having the property

fla) = a, is a relative minimum of f{x) = x* - x> - x* + ax
+1,is
(a) 1 (b) 2 (c) 3 (d) -1

29. For a € [m, 2w] and n € Z, the critical points of

1
flx) = 5 sina tan3x + (sina - 1)tanx + are

8—a
(b) x=2nm
(d) none of these

(a) x=nm

(c) x=02n+1)m
30. ForO<a<1landbe€ R,thenin (-a,a) the function,
fix)=ax®-3ax+b

(a) has exactly 2 roots
(c) has atmost one root

(b) can not have a root
(d) has more than two roots

31. The coordinates of the points on the curve,
5x? - 6xy + 5y% = 4 which are the nearest to the origin

5 ()03) @ (2

(o) (%, 0), (—%, 0) (d) None of these

< g
32. Iff(x)zj—,x>0,¢1 then
5 Int

(a) f(x) is an increasing function

)
(b) f(x) hasaminimaatx =1

)

)

(0) flx

(d) flx) hasa maximaatx=1.

is a decreasing function

33. f:[1, 0) — R such that f(x) is a monotonic and
differentiable function and f(1) = 1, then number of

solutions of the equation f (f (x)) = is/are

x2 —2x+2
(d) zero

(a) 2 b) 1 (c) infinite



2
34. The function f(x)= w is
x“+2x-3
(a) max.atx=-3
(b) min. at x = -3 and max.atx =1
(c) increasing in its domain

(d) none of these

35. Let Nbe any four digit number say x; x;, x3 x4. Then

maximum valueof ———— isequal to
X+ %, +x3+ %y
1111
(a) 1000 (b) T
(c) 800 (d) none of these

36. Ifthe equation x> - 104> x? + b*x + ¢> = 0 has three
equal roots, then

(a) 2b2-10a°02+c>=0 (b) 6a°+c°=0

() 2¢2-10a3b2+b*° =0 (d) b*=154"

37. If a, b are real numbers such that x> — ax? + bx - 6
= 0 has its roots real and positive, then minimum value
of bis

(@) 1

(c) 3(36)13
38. If f”(x) + f'(x) + f2(x) = x* be the differential
equation of a curve and let P be the point of maximum,
then number of normals which can be drawn from P to
x*-y*=a’is/are
(a) 2

(0

(b) 2
(d) none of these

(b) 1
(d) either1or2

sin? 0 cos? 0

39. A function g(0)= J f(x)dx + _[ f(x)dx
0 0

is defined in the interval (—g, g), where f(x) is an

increasing function, then g(0) is increasing in the

interval
T =
b -,
o (-2-%)

o (29
T T
© (03] @ (5]

40. The minimum value of

) 2
(2, —x, )2 +[%—J(17—x2)(x2 —13)J

where x; € Rt and x, € (13, 17), is

(a) (5v2-2) (b) (v2-2)

(c) (5\/5 +2)2 (d) none of these

1. (b): The given curve is y = x* - x>
S1 f Dl e 3 —2t- 3P
ope of tangent, =2x — 3x* =2t - 3t
dx|p
Equation of tangent is
y- (-1 =02t-3%)(x -1
= y-(FP-8)=2t-32)x-(2t- 3t
= y=Qt-3)x-20+35+12-¢
= y=Q2t-32)x+28 - (i)
Solving (i) and y = x? - x*, we get
Qt-3)x+28 -2 =x2-x3
= -2+ 2t-3)x+(23-12) =0
Putx=t,wegett’? -2+ (2t-32)t+ (2 -1) =0
= B-2+22-32+28-£2=0
= 3B -383+202-22=0
Hence, x = t is the factor of above equation
Rx-+x(t-Dx-)-022-t) (x-1) =0
= [+x(t-1)-0Q2R -] x-1)=0

x:(l—t)i\/(l—t)2+4(2t2—t)

2x1
It 1412 =2t + 882 —at
= x=
2
R x_l—ti\/9t2—6t+1_(1—t)i(1—3t)
2 2
1—t+1-3t 1—t—1+3t
= x=—andx=—
2—4t 2t
= x= andx=?

= x=1-2tandx=t= x=1-2¢

... (1)
...(ii)

2. (c) : The given curves are X’y = 1 - y
andxy=1-y

Solving (i) and (ii), we get
x(1-y=1-=0-y»x-1)=0=>x=1,y=1
Now, it must satisfy equation of the curve xy =1 - y
But,1-1#1-1

If we take x =1,y =0,then 1.0 1 -0

If wetakex=0andy=1,then0:-1=1-1=0
Hence, the required point is (0, 1)

3. (b):We have x> + y* =2

Differentiating w.r.t. x, y
we get B(0, 9)
3x% + 3y dyldx = 0
d 2 ’ ! \ A(p, 0
. d_y_(_] - B0
Y y | P » X
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Also, slope of tangent = 979__4 ..(ii)
0-p p

2
From (i) and (ii), —=; = x=yX\qlp ...(iii)
Y

Also, equation of tangent is

Z+Z =12 guepy=pqg
P q

= qXy\q/p+py=pq

q3/2
= y|T=+r|Fpa

Jr

= y(qS/Z +p3/2)

[from (iii)]

=pq = y=p32-q/ (pP?+ ¢

p3/2 q
. = 5032) (p312 4 312
= X= P2+ 3/2)>< a/p =pg (PP + )
Put these values of x, y in equation of curve x> + y* =2
R p3 q9/2 q3 p9/2 _
(p3/2 3/2 )3 (p3/2 3/2 )3
33

L P4 Y2 4+ 2 _

(p3/2 3/2) (p3/2 3/2)2
. P2+ 3»/2)2zl P2 g 1

( p3/2 3/2) 2 p3/2q3/2 \/5

1 1 1 1 1 1
= = = —F——=—=

q3/2 p3/2 \/5 p3/2 q3/2 \/5

= P—3/2 + q—3/2 :%

4. (a):We have, y = x + sinx ..(1)
y=x¢sinx . y=X

"o,3) YV

12,00 ™

A

EY

© (12,

AR

y =sinx

Points on the curve at which tangents are parallel to
x- axis i.e., slope of tangents at that points must be zero.
Differentiating (i) w.r.t. x, we get

d—y=1+cosx = 14+cosx=0 |: d_y= ]
dx dx

= cosx=-l=cosm = x=2nn+n=02n+l)m;nel
Ifn=0, x=mn;lfn=-1,x=-m

When x == y =7+ sint =7 (outside rectangle)

(16)
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When x = -1 = y = -1 + sin(-m) = -

(outside rectangle)

Hence, there is no points on the curve in the rectangle
at which tangents are parallel to x- axis.

5. (c):Wehavey=ax*+bx* +cx+d

= y =dax®+3bx* + ¢

(d_y) =0=c¢c=0
dx (0,1)

Also, (d_y) =0=3b—4a=0
(=1,0)

Given, y’ < 0

= 4ax3 +3bx* <0

= x2(4ax +3b)<0= 2 (x+1)<0 [~
= x+1<0 = x<-1

6. (b):Atx=0, ix)=-2= d=-2

Atx =-1, fix) =

= -a+b-¢c-2=0

= -a+b-c=2 ..(3)
Atx=2,flx)=0

= 8a+4b+2c=2

= 4a+2b+c=1 ...(ii)
Also 3ax? +2bx +c=0

Atx=212a+4b+c=0 ...(ii)
From (i) and (ii), 3a + 3b =3 ..(iv)
From (ii) and (iii), 8a + 2b = -1 (V)
From (iv) and (v),a=-1/2, b=3/2 = ¢=0

3b = 4a]

1 3
Now,a+b+c+d= —5+5+0+(—2)=—1

7. (d):Here, Rtanf =y

= Rsec e(dG] d_y

dt ) dt 4
do °
Leto=— . (Rw)sec’ 9=d—y R
dt dt
Since horse is running at a
speed of 20 km/hr.
2T
" d—y=20><seCZE [ 6=—:|
dt 4 8
= Z—y =20 x 2 = 40 km/hr.
t

8. (0):rax?+by?=1
Equation of tangent at (x;, y;) is
ax-x; 3+ by-y 3 =1
. x5
X —intercept =—
a



, _a(2cost—2cos2t)

- @y a(—2sint +2sin2t)
= cost - cos2t=0
[ Tangents are parallel to x-axis]

= co0s2t - cost =0
= 2cos?t-cost-1=0
= 2co0s?t — 2cost + cost -1 =0
= (2cost + 1)(cost—1) =0
= cost=1, cost=—l
= t=0, t= 2_1t

3

Exclude the point where denominator of y” becomes
zero.
t=2m/3

10. (d): f(x) is continuous and differentiable V x € R.
Rolle's theorem is not applicable, as

f=1) #1(2)
Now, by LMVT, 3¢ =§ = =
1. (d): f10) = 1, f(1) = 1
f(x) = 0 must have at least one root in (0, 1)

f/x)=x""L m(x - 1)" + nx"(x - 1)" !
=x" " x - 1D)" Y(m + n)x - m]

m
= x=0, 1,( )
m+n

12. (c) : Here, f(x)z(

= ==

w|%n

O | »n

\3a-5

1-a

- ljx5 —3x+log3 ..(J)

Differentiating (i) w.r.t. x, we get

f’(x)=( v3a->5 —1J5x4—3

1-a

Now, ( 3a=5 —1J5x4—3<0
—a

[~ flx) is decreasing function]

= (“fa_S —1]x4<3/5VxeR
—a

Itmustbe3a-520;a#1 = a=>5/3;a#1

5
Hence, a € [—, oo)
3

Asinx +3cosx
13. (b): Here, f(x)=

2sinx+6cosx
Differentiating w.r.t. x, we get

[(Acosx—3sinx)(2sinx+6cosx)—

(Asinx +3cosx)(2cosx—6sinx)]

f(x)=

(2sinx+6cos x)2

Since, f{x) is monotonically increasing function

ie, f'(x)>0

= [2Asinx cosx — 6sin?x + 6Acos®x — 18sinx cosx]

— [2A sinx cosx + 6cos2x — 6) sinx — 18 sinx cosx] > 0

= 6+6A(1)>0 = A>1

14. (b) : Let ¢(x) = f3(x)

Differentiating w.r.t. x, we get

o'(x) = 2fx). f'(x) <0; x € R

It means, ¢(x) is decreasing function for all x € R.

xx

N
—1-3¢

Now,y’ _ t2(1+t2)2 _ 3t2 +1

=2t 2t3

(1+£2)

15. (b) : Here, y=

vV xe (0,1)

Since, t > 0
¥y >0

So, flx) is increasing in (0, 1).
1

(x+1)

16. (c) : f(x)=

3 —3x+sinx=0

1

3 =3x—sinx
(x+1)

Thus, f(x) has 2 roots.l
17. (a) : When t €[-1, 0]

When t € [0, 2]
fin=12-10 (2);f © (i)
B = 0<f0)-f-1) <=1

(i) > -2<f(2)-f(0)<0

On adding, we get -2 < f(2) - f(-1) <1

MATHEMATICS TODAY | OCTOBER ‘18 Q



18. (b) : We have, g(x) = f(sin x) + f(cos x)

= ¢(x) = f'(sinx) cosx — f'(cosx) sinx

Now, f” (sinx) <0 = f” (cosx) < 0

and f”(sinx) >0 = f”(cosx) > 0

Also, ¢’ (x) = f”(sinx)cos®x — f’(sinx) sinx
—f’(cosx) cosx + f”(cosx)sin?x

= ¢'(x)>0

For critical point of g(x), put ¢'(x) = 0

T
= x=—
4
T . . ..
So, x = Z is a point of minima.

T
So, g(x) is decreasing in (0, Z) and increasing in

+3)

19. (a) : flx) > 0 for x =0* and x = 0~
flx)is min=0atx =0
20. (@) :f'(x) =P " 1-x9"1 =x1-1(xP*1-1)

1 - +

1
fmin=f(1)=;+g=1 < ! >

21. (b): fix) =4x-(a+b+c+d);x=d
=2x-(a+b+c-d;c<x<d
=—(a+b-c-d;b<x<c
=-2x-(a-b-c-d)y;asx<b
=(a+b+c+d) -4x;x<a
fmin=-a-b+c+d
22. (c) : f'(x) = 3x% - 6px + 3(p*> - 1) = 3[(p - x)* - 1]
(1) D>0=36p*?-36(p*-1)>0 = 1>0=pe R
(2)-2<p<4
B)fi-2)>0 = -8-12p-6p>+6+1>0
= —6p>-12p-1>0 = 6p>+12+1<0= pe R
(4) f4)>0 = 64 -48p + 12p*> - 12+ 1>0
= 12p*-48p+53>0 = pe R

pe (-2,4) or f'(x)=0
= x=p-1,p+1

p-1le (-2,4) = pe (-1,5)

p+le (-2,4) = pe (-3,3)

pe (-1,3)
23. (a) : Let flx) = 3x% - 2x°

f(x) =6x - 6x* =6x(1 - x) < S SN
Let g(x) = logy(x? + 1) - log,x 0 !
, 1 2x 1 1 -1
g'x)= X——— = =X ——
log2 (x*+1) xlog2 log2 x(x*+1)
‘e i = +
-1 0 1
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Thus, only one solution exists.
24. (a) : Equation of line through (3, 4) is
y-4=m(x-3)

Now, x-intercept = 3—i , y-intercept = 4 — 3m
m

1 4 1 16
Now, A=—(4-3m)|3—— |=—| 24-9m——
2 m) 2 m
16 4
For A in, IM=— = m=——
m 3

Thus, required line is 4x + 3y - 24 =0
25. (d): Let f(x) = a tan?0 + b cot?0
Now, A M. > GM. = f(x) 22\/%
Let g(x) = a sin%0 + b cos?0 = (a - b)sin?0 + b
8(X)max = @
Now, a=2x/% = a*=4ab
= ala-4b)=0 = a=4b
h'(x)
h(x)
)R ()= [W (x)F
)= <0
[h(x)F
g(x) is concave down on J.
27. (c)

28. (a): f(a) =4a®*-3a*>-2a+a=0
= a=0,1,-1/4
Now, f”(a) = 124 - 6a - 1

F70) = -1, f(1) = 5, f“(~1/4) = Z

So, a = 0 is not possible for minima.
So,fla)y=a = a=1

29. (d): f’(x) = sina tan’x sec’x + (sina - 1)sec®x
4 2 2

26. (d): £'(x)=

”

= sina sec*x — sec?x = secx(sina secZx — 1)
30. (¢) : f'(x) = 3ax? - 3a .- +
=3a(x+1(x-1) = '1
y




31. (b):5r% - 612 sinB cosO = 4 y

4 A
= P=——
5—3sin20
- r2 —é—l = I :L
min 8 2 min \/5
2 2 4 4
X dt
32. (a) H f(x): —_
5 Int
1 , 1
= f'(x)= 3x7 = 2x
nx’ In x?
(Using Leibnitz formula)
1
=—(x"-x)
Inx
X + X +
0 1

Since f’(x) > 0 for x > 0, x # 1. Hence f(x) is increasing
function.

33. (b): Let g(x) = f (f(x))
gx) =f(f(x)) f'(x) <0
g=ffD))=fQ)=1 gx)<1
Also, ;ZSI
(x—=1"+1
P -3x+2 (x-D(x-2) x-2

O f0= 2io2x—3 (x=D(x+3) x+3 ’

x#1,-3.

VA

....................................

af _(x+3) - (x-2) s

3 = 3 >0Vx#1,-3
dx (x+3) (x+3)
Clearly, f (x) is increasing in its domain.
35. (a) : N _ 1000x; +100x; +10x5 + x4
900x, +990x5 +999x
=1000— (900, 3 4)
(% + x5 +2x3+x4)
N

= Maximum value of = 1000

36. (b): Let flx) = x° - 10a°x? + b*x + ¢
= f'(x) =5x* - 20a%x + b* = f” (x) =20x> - 2043
If x = o be a root that is repeated three times, then
f7(a) =0, f(a) =0, flo) = 0
= o=ab5a*-20a*+b*=0,a°-10a° + ab* +c> =0
= o=abt=15a%c+ab*-92°=0
= +15a°-9a°=0= 6a°+ ¢ =0.
37. (c) : Since roots are positive = A.M. = G. M. can
be applied.
Let roots are ¢, 0y and 03
0405 + 0‘230‘3 0304 (00,0513

= 22(36)1/3 = b>3(36)"3

Hence, =3(36)"3

bmin
38. (a) : At point of maxima f’(x) = 0 and f”(x) < 0
= f(x)=x*-f3x)<0
= Point P(x, f(x)) lies inside x? - y? = a2.
Hence, two normals can be drawn.
39. (b): g’(6)=(f(sin? ©)— f(cos’ ©))sin26
For g(0) to be increasing ¢'(6) > 0

. T
= f(sin’0) > f(cos*0) |: sin20 >0V 0 € (0, E):|
= sin%0 > cos%0

= tan’0>1 = 0Oe —E, _I ] E,E
2 4 4 2

40. (a) : The given expression resembles with (x; - x,)? +

2
(y1 - y2)?; where y, =% and ¥, = \/(17—x2)(x2 -13)
Let us consider two points P;(xy, y1) and Py(x,, y,) lying
on the curves x* = 20y and (x - 15)% + y> = 4. If D be
the distance between P; and P,, then given expression
represents D?.
Now D has to be minimized as per the problem.
Since shortest distance between two curves always
occur along the common normal, it implies that
P1(x1, y1) lies on x? = 20y such that the normal at this
point passes through (15, 0).

. 10

Normal t bolais y——-=—(x—x
ormal to parabola is y =~ . (x—x7)

It should pass through (15, 0).
X +200x —3000=0 = x =10 & y; =5

= D=410-152+5* —2=5J2-2

Thus, minimum value of given expression is (5v2-2)%.

@
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WL EIMUSING

SOLUTION SET-189
1. (a): J3+4i =2+i, /-3-4i =1-2i

z=2+i+1-2i=3-1i

Re(z) = 3.
3
2. (d):- a,b,carein A.P.and a+b+c=5
1
= 3b=E = b=-—
2 2
1 1
a=—-—d, c=—+d,
2 2
Now, az, bz, ¢ are in G.P.
22 4 1 _ 1 1 2 1
= :b = = aC—i_ = __d —i_
ac 1 4 4 4
Ifac=i,d=0;a=b=c
1 1 1
andif ac=—= = d*== = d=—
4 2 2
1 1 1
L a=——d=———+—
2 2 2

3. (b) : Required Probability

7 1 1 1 1 (11 1 1
= 4| ———+— |7 == |+ ==
3 21 31 4! 31\2 6 24) 16

4. (b) : Replacing f(x) by x and x by g(x).
g o ,

B , L g
xX= j —— Differentiating, 1 =———
0o V1+ £ J1+g >

or (¢)* =1+ ¢. Differentiating, g’ = % g
5. (a) : We have,

o alo il 16
swno 1l o T ]

1 ik :[1 378:|

By induction, L.H.S. =

k=1 0 1
0
Therefore, M =378 orn(n+1)=27 x 28
Hence, n = 27.
2sin(A+ C)sinC
6. (b,¢):3=————
cos A
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= 2(tanA cosC + sinC) sinC = 2(4 cos’C + 1) sin’C
3 =25 (5 - 4s), where s = sin’C
Solving 8s> - 10s + 3 = 0, we get
TR
=37
7. (d):S = (a, 0), A = (at,%, 2at)), B = (at,’, 2at,),
C = (at5*, 2at3)

2t, 2
SA 1 BC= 3 =-1
" -1 t, +13

= 4+ 17 (h+1) =t +1 (i)

..(ii)

31
sin2C=s=—,—
4

Likewise, 4t2 + t22 (t3 + tl) = t3 + tl

From (i) and (ii), we get 4 + Zt;t, = -1
Ztltz = —5

NOW (1) giVeS tl [4 -5- t2t3] = tz + t3

= tl + tz + t3 + t1t2t3 =0.

8. (d):(t-1) (-1 (55-1)

:t1t2t3—2t1t2+2t1—1:0+5—1:4.

9. (3):If(x- x1)2 +(y —yl)2 = 7* touches

(x - 2)? +y2 =1land ¥’ + (y- 372=4 externally, then

./(xl—Z)2 +y12 =r+1, .[x12+(y1—3)2 =r+2

The locus of P(x;, y,) is given by

J(x—2) +y2 +1 =4[« +(y—3)2
Squaring, /(x — 2)? +y2 =2+4+2x -3y

Squaring again, 3x% + 8}/2 -12xy+12x-12y=0
3
sz +2y%* —3xy=3(y—x) = A=3.

10. (d): (P)>1,(Q) >4, (R)—>4,(S)—>3

. tanx2 . tanx2 X
(P) lim ——= lim SR =1x1=1
x—=0XxsInx x>0 sin x
Q]I 2J§\/7d ngsinxdx
= secx—cosx dx =
0 T 0 Jcosx
= —4\/cosx‘0 =
22 insl
(R)I:j 28Xk, K=t
1 x
4esint

= L t dt =F(4) - F(1) = k=4.

() y*= 2c(x+\/z) =2y =2c=>c=yy
Eliminating ¢, y* = 2yy, (X TN )
Y =201 = 20

(y - 2xy1)2 = 4yy13 = degree = 3.
@



QUADRATIC EQUATIONS

An equation of the form ax* + bx +c=0 V a,b,c€ R,
a # 0 is called a quadratic equation. If o, P are its roots
and we recall D = b* - 4ac, known as discriminant of
the equation, then the values of o and P are given by

~b+D -b—D
o= ————,=—"F"""
2a 2
Nature of Roots
The nature of the roots of equation ax® + bx + ¢ = 0 ...(%)
depends on the following facts:
(i) IfD= b? - 4ac < 0, then roots of the equation (*)
be non-real complex roots. The complex roots always
appear in pair and they are conjugate of each other. The

—b+iyIDl 4
2a

or vice-versa.
a

complex roots o, 3 are given by o =

~b—iy| D]
B: N1
2a

(ii) If D=0, then roots of the equation are real and equal
-b

ie,o=p= 2— and we can express ax* +bx+c=0
a

asa(x - o)? = 0.
(iii) If D > 0, then roots of the equation be real and

-b+./|D -b—-/| D
distinct i.e., o = # and P = # .
2a 2a
(iv) If D is a perfect square, then roots of equation (*)
are rational. e.g., the equation 304 + 16x + 2 = 0 has

1 1
roots 37 which are rational.

(v) If Disnon perfect square, then roots of equation (*)
are irrational and conjugate of each other i.e., if one

rootisp + \/a , then other root be p - \/a where pisa
rational and ¢ is a non-zero surd.

(vi) Ifthe equation ax® + bx + c=0, where a, b, c €R, has
more than two roots (real or complex), then it becomes

TARGET

Complex Numbers and

Quadratic Equations

an identity ie., a=b=c=0.

Nature of Roots of f(x)-g(x) =0

If D, and D, are the discriminants of quadratic equations
flx) = 0 and g(x) = 0 respectively, then we have the
following (cases) possibilities arise about the roots of
fx) - g(x) =0

(i) If D; + D, >0, then there will be at least two real
roots of the equation f(x) - g(x) = 0.

(i) If D, + D, < 0, then there will be at least two
imaginary roots.

(iii) If D;D, < 0, then there will be two real roots.

(iv) If D;D, > 0, then the equation has either all roots
real or no real roots (i.e., all roots be imaginary).

Symmetric Functions

If flo,, B) = B, a), then fis called symmetric function.

If fis symmetric, then A fis also symmetric (A€R). The

sum, difference, product and quotient of two symmetric

functions are also symmetric.

Let 0., B are roots of the quadratic equation ax” + bx +c=0

(V a#0), then S = o' + B, S, = a? + B% ...,

S, =0 + " are known as symmetric functions.

e To determine the sum of the symmetric roots of
ax® + bx + ¢ = 0, we use the recurrence relation
formula

b c
Sn+1 = _;Sn _;Sn—l ()

e To determine the sum of the symmetric roots of
cubic equation ax® + bx* + cx + d = 0, we use the
recurrence formula

b c d
Sn+1 = _;Sn _;Snfl _;Sn72
b c d
or Sn+2 = _;Snﬂ - Esn - ;Sn—l

(Replacing n by n + 1 in above formula)

By : R. K. Tyagi, Retd. Principal, HOD Maths, Samarth Shiksha Samiti, New Delhi
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For a guadratic equation ax® + bx + ¢ = 0, if we need

o + B, then from [+] o’ + B* = S;
= _SSZ 251 (Putting n = 2)
2
= _é|:b__3c:| where S; = o + § = -b/a and
ala* a ,
S, = o + B* = (o + B)? —20([3—17——E
a a

e Letax’ + bx + ¢ =0 have roots 0, p & we need new
equation whose roots are 20, 2f, then replace x

x
by Y and if new equation have thrice the roots of

ax® + bx + ¢ = 0, then replace x by g .

EQUATIONS REDUCES TO LINEAR, QUADRATIC AND

BIQUADRATIC EQUATIONS

e Type 1: An equation of the form
(x-a)(x-b)(x-c)(x-d)=A,a<b<c<dand

b - a =d - ¢, then to reduce in simple form by

taking
_ (x—a)+(x=b)+(x—c)+(x—d)
4
(a+b+c+d)
or y=x- —

4
e  Type 2: An equation of the form
(x - a) (x - b) (x - ¢) (x - d) = Ax’, if ab = cd,
can be reduced to a collection of two quadratic

equation by keeping y = x + ab .
x

e  Type 3: An equation of the form (x a)* + (x+ b)*
= ¢ can be reduces to simple form of biquadratic
(xta)+(xxb) or

by making substitution, ¢ = 5

a+b

t=x*
Note: (i) If a is the repeated root repeating r times of a
polynomial equation f(x) = 0 of degree #, then we can
write f{x) = (x - a)" g(x) where g(x) is a polynomial of
degree (n - r) and g(x) # 0 then we have
flo) = f(0) = f(0) = ... = f~ o) = 0 & fT(cx) # 0.
(ii) If oy, 0, O3, ..., O, are real numbers and g(x) be
a polynomial function of degree n such that flo;) = 0
then o, is called the zero of the polynomial and (x - o)

is called the factor of the polynomial function f(x).

TRANSFORMATION OF EQUATIONS

Let ax® + bx + ¢ = 0 be given quadratic equation (the
equation may be cubic, biquadratic or higher order)
and we need new equation whose roots are negative
and reciprocal of the roots of the original equation ax*

22
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+ bx + ¢ = 0, then to obtain new equation replace x by

1 1Y 1
(——).The new equation be a(——) +b(——) +c=0
X X X

i.e., cx* - bx + a = 0. The roots of f(x) = 0 and
1

f (——) = 0 are negative and reciprocal of each other.
X

e The roots of f(x) = 0 and f(-x) = 0 are equal in
magnitude but opposite in sign i.e., if ax* + bx + ¢ =0
be a equatlon whose roots are o, §, then the
equation a(- x) + b(-x) + ¢ = 0 have roots —a, —J.

e Iftheroots of a new equation are squares of the roots
of original eqluatlon then to obtain new equation
replace x by x < in the original equation and if roots
of new equatlons are cubes of original equation then
replace x by x 13 in the original equation.

e  Iftheroots of a new equation are one more than the
roots of original equation, then replace x by x - 1 in
the original equation.

e Ifthe roots of a new equation are one less than the
roots of original equatlon ax® + bx + ¢ = 0, then
replace x by x + 1 1n ax* + bx + ¢ = 0 & the new
equation be a(x + DX+b(x+1)+c=0.

Important Points
(1) For a quadratic equation ax® + bx + ¢ = 0 (a # 0)

a,b,ce R (%)
(a) If constant term is 0 i.e., ¢ = 0, then one of its
root is 0.

(b) If b =c=0, then both roots of equations are zero.

(2) Ifratio of roots of quadratlc equation ax” + bx +c=0
is p : g, then pgb* = (p + g)*- c which is used to find
the unknown when ratio of the roots of equation
given.

(3) Ifonerootof the equation ax* + bx + c=01is k times
the other root, then to determlne unknown quantity
use the result kb” = ac(k + 1)°.

(4) For a quadratic equation ax2 + bx + ¢c=0if
a+b+c=0,thenitsroots are 1 and c/a i.e., 1 and

constant term

coefficient of x* .
(a) Ifab + bc + ca = 0, then for quadratic equation

a(b - 20)x* + b(c - 2a)x + c(a - 2b) = 0, then
roots of equation are 1 and cla—2b) .
a(b—2c)

(b) For a quadratic equation flx) = ax* +bx+c=0,
fi-1)=0i.e, a b + ¢ =0, then roots of equation

are -1 and —— (a;tO)

(5) Ifroots of the quadratlc equation ax® + bx + ¢ = 0
(a#0), a, b, c €R are reciprocal to each other, then
product of roots is always 1 which means constant
term and coefficient of x* are identical i.e., ¢ = a.



(6) If one root of the equatlon ax’ +bx +¢c=0

(a#0,a,b,ceR)isn' power of the other root, then
ntl ntl
(ac™ " +@" )" +b=0.

7)) If the roots of equatlons ax*+ bx+c=0(a#0)and
A+ bx+c = 0 [a” # 0] are reciprocal to each
other, then (aa’ - c¢')* = (ba’ - cb’)(ab’ - b¢").

8) If a and P are roots of a quadratic equation
ax* +bx+c=0 (a#0), then equation
(a) whose roots are ov + k, B + k is a(x * k)? +

b(xtk)+c=0
o P

(b) whose roots are = is ak*x* + bkx + c=0

(c) whose roots are ok, Pk is ax® + bkx + k*c=0

(d) whose roots are —,l is obtained by
o

1nterchang1ng constant term & coefficient of
x* & new equation is cx* + bx ta= 0.

9 (a) Ifina quadratlc equation ax® + bx + ¢ = 0,
a>0,D = b*- 4ac < 0, then the expression
flx) = ax* + bx + c is always > 0.

(b) If in a quadratlc equation ax’ + bx + ¢ = 0,
a<o, D b* - 4ac < 0, then the expression
flx) = ax* + bx + c is always < 0.

(c) If the sum of the coeﬂic1ent ofa polynomral
equation by + byx + byx* + ... . +b,x" = 0 is zero,
then x = 1 is always a root of the equation.

(10) (a) Ifin a quadratic equation ax* +bx+c=0(a#
0, a, b ¢ €R), the sign of b is opposite of sign a
and c then both roots of equations are > 0.

(b) If a, b, c are all of same sign, then roots of the
equation ax” + bx + ¢ = 0 are less than zero i.e.,
negative.

(¢) If in quadratic equation ax® + bx + c=0,b=0
and ¢ < 0, then roots of equation are irrational
and they are irrational conjugate of each other.

(d) Ifb=0and c > 0, then equation ax* +bx+c=0
has complex i.e., imaginary roots and they will
be conjugate of each other whose magnitudes
are equal

(1) If fix) = ax* +bx+c=0 and fla) = 0, f(a) = 0,
then ot is repeated root of f{x) = 0 and we can write
flx) =alx - 0)? and value of o = —b/Za

(12) If both roots of equatrons ax’> + bx + c =0
(a+#0)and a’x®> + b’x + ¢’ =0 (a’ # 0) are common,

b ¢

then 4 _Y9 _ €.

a b o
e Ifin a cubic equation ax’ + bx* + cx + d = 0,
(a#0) two roots are equal in magnitude but opposite

Coefficient of x?

in sign, then third root must be = 3
Coefficient of x

and the condition that roots are equal but opposite
in sign is ad = be.

e Ifa, b, care consecutwe 1ntegers then polynomlal
equation flx) = (x - a)* + (x - b)* + (x - ¢)* =0, have
no real roots, both roots should be imaginary and
conjugate of each other, here f(x) > 0.

e Any cublc equation of the form (x - a)? + (x - b)®
+ (x - ¢)® = 0, where a, b, c are consecutive integer,
then the equation has one real and two 1mag1nary
roots as f'(x) = 3(x - a)? +3(x-b)2+3(x-0%>0
and have no real roots.

o Ifa cubic equation ax’ + bx® + cx + d = 0 have all
roots equal, it means roots are in A P. and G.P. both.
The condition for equal roots is b>d = ac” for cubic
equation.

o Letax’+bx+c=0VY (a#0,a,b,ceR).Ifroots of
the equation are real and distinct then both roots
are less than negative of the average of their sum i.e.,
if % B are real roots (o # B) of the equation
ax® + bx + ¢ = 0, then 0.,  both < -b/2a.

o Ifa, b, c>0, then equation a|x|* + b|x| + ¢ = 0
have no real roots in this case both roots will
be imaginary and conjugate of each other e.g.,
%%+ 5 |x| + 4 = 0 have real root because we can write
the equation as
x> +5x| +4=0 = (x| +1) (|x] +4) =
= |x| = -1, |x| = -4 which is impossible 1fxe R.

° Iff(x)=ax2+bx+c=0(a¢0,a, b, c€ R) and
a + b+ ¢ < 0 and equation have no real roots, then
c<0.

e Ifboth roots of the equation ax* +bx+c=0(a>0)
are greater than 1, thena+ b +¢>0

o If two roots of the equation ax® + bx* + cx + d = 0
are equal in magnitude but opposite in sign, then,
ab=c.

e Let f(x) be a polynomial of degree 1, 2, ..., n and
f(-x) = f{x) means polynomial is even function
then all roots of the polynomial are imaginary and
we know that imaginary roots always occurs in pair
and conjugate of each other.

e Quadratic equation whose roots are A.M. and H.M.
between the roots of the equation ax® + bx + ¢ = 0
is given by x* - (A.M. + H.M.)x + AM-H.M. = 0.
Let o, B are roots of ax’> + bx + ¢ = 0, then A.M.
B b 2B _2

o2 T 2g] S a+p b

*. Required equation is abx® + (b* + 4ac)x + 2bc = 0
COMPLEX NUMBERS
Definition : Any number which can be expressed in

the form a + ib is called a complex number. We denote
the complex number by ¢ or z.
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z=a + ib (a, b € R) where ‘@’ is called the real
part of z and ‘b’ is called the imaginary part of z. If
z = a + ib, then we write Re(z) = a and Im(z) = b. If
z=a+ib(a,be R)wedenote zby an ordered pair (a, b).

PURELY REAL AND PURELY IMAGINARY COMPLEX
NUMBERS

A complex number is called purely real if its imaginary
part is zero i.e., z =2 is purely real and z = 2i = 0 + 2i is
purely imaginary if its real part is zero.

EQUALITY OF TWO COMPLEX NUMBERS

Two complex numbers z; = a + iband z, = ¢ + id are said
tobe equal if and only if a = cand b = d. However there
is no ordered relation in the set of complex numbers.
The expression a + ib < ¢ + id and a + ib > ¢ + id are
meaningless unless b = d = 0.

ALGEBRA OF COMPLEX NUMBERS

Let z; = a + ib, z, = ¢ + id, then

o z1+zp=(a+c)+i(b+4d)

o z1-zy=(a-¢c)+i(b-4d)

o 21z, =(a+ib)-(c +id) = (ac - bd) + i(ad + bc)

zy _a+ib _(a+ib)(c—id) (ac+bd)+i(bc—ad)
z, c+id & +d? A +d?
Conjugate of a Complex Number (z)

Let z = a + ib, then its conjugate is denoted by Z and
written by z = a - ib. Two complex numbers are said to
be conjugate of each other if they differ in sign in their
imaginary parts only i.e., a — ib and a + ib are said to
be conjugate of each other.

o Ifz=a+ib,thenzz =(a+ib) (a-ib)=a*+b*=|z

° Zl+22=ZI+Zz,Zl—22=ZI—ZZ

— — — |z z
o 71z, =(z))(2,), A =2L (z,#0)
Integral Powers of i
e ()=1L0) =i )}==-17=iti=-i
= (2= (1) =1
° i4m:1(mEN),i4m+1:(i4m)i:i,i4m+2:i2:—1,
i4m+3=—i
i4m+r= (l4m)(l)r= (1)m1r

GEOMETRIC REPRESENTATION OF COMPLEX NUMBERS
There is one to one correspondence between the set of
complex numbers and the point in xy-plane.

z = a + ib corresponds to the point (a, b)

Z =a - ib corresponds to the point (a, -b)

-z = -a - ib corresponds to the point (-a, -b)

-Z =-a+ ib corresponds to the point (-a, b)

The number corresponds to origin is (0, 0).

The real number corresponds to the x-axis called real
axis. The purely imaginary number corresponds to the

24
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y-axis called imaginary axis. The x-y or xy plane is called
complex or Argand plane.

Note: To each complex number there corresponds one
& only one point in the plane & conversely to each
point in the plane there corresponds one and only one
complex number as the point z.

VECTOR REPRESENTATION OF COMPLEX NUMBERS
Every complex number
can be considered as the
position vector of a point.
If O is origin and P(a, b)
be a point in the argand
plane corresponding to 10) s O M axis
the complex number

z=a+ ib, then

. 613=a;+b}':>|@|:\ja2+b2 =|z| =71
(Modulus of z represented by 7)

Imaginary axis

P(a, b)

e arg z = direction vector OP = tan"! (é), where
a

arg of z is denoted by 6.

Representation of z; + z,
Consider the points z;
and z,. Complete the
parallelogram with Oz; and
Oz, as adjacent sides where
‘O’ is origin. The fourth y
point is z; + z,. Similarly, we get the point z; — z, trom
the point z; and -z,.

vA 2

2y

5 Z1 -2,
VA 4

EULER AND POLAR FORM OF A COMPLEX NUMBER
For a complex numberz=a+ib (a, b eR) leta =r cosb,
b =rsind, then z = r (cosO + i sinB) is called polar form
or trigonometrical form.

Ifz=a+ib, thenr=|z| = \a’? +b* is modulus of zand
0=Argz=tan" (9)

a y P(a, b)
Arg of z is inclination of OP ]
(O is origin) with the positive N b
X-axis. A
Also, z=a + ib=r(cos + i sinB) >

(polar form) = r cis®
= re’® (Euler form of z)



Z =re™®, l:le_ie and é= leie.
z r z r

Notes:

e If 0 be a argument of a complex number then
2nm + 6, n € Iis also an argument of z.

e Ifz=a+iband P(a, b) is a point corresponds to z,
o = general Arg of z.

e IfP(a, b) lies in the first
quadrant i.e., a > 0,
b>0,thenf=o0.

e If P(a, b) lies in the
second quadrant i.e.,
a <0,b >0, then
o=m-0

e If P(a, b) lies in the third quadrant i.e., a <0, b <0,
then ot = - + 6.

e IfP(a, ) lies in the fourth quadranti.e.,a>0,b <0,
then ot = - ©.

e If P(a, b) lies on positive direction of x-axis i.e.,
y =0, then o = 0 and if lies on negative direction
of x-axis, then o0 = 7.

e If P(a, b) lies on positive direction of y-axis i.e.,
x =0, then o = 71/2 and if lies on negative direction
of y-axis, then a = -m/2.

MORE FACTS ON ARGUMENT OF COMPLEX NUMBERS
o Arg(z2;) = Arg (z1) + Arg (2,)

Arg (j_lJ = Arg (z)) - Arg (zp)

2

°  Arg(z1z,) = Argz - Argz, = Arg(?]
2

e Arg(z) =-Argz
o Arg(z12;...2,) = Arg(z) + Arg(z,) + ... + Arg (z,)

o Arg (é)z 2 Argzand Arg () = k Argz +2nm, nel
z
e Argofz=0isnot-defined.

PROPERTIES OF MODULUS OF COMPLEX NUMBERS
o |z’ =2Z, |2l = |-z = |z| = |-Z]

*  —|z]<Re(2)<|z|, -l < Im (2) < |7

*  |z|<|Rezl+|Imz| < \/5|z|

n
° aznl=lallal oz zs .ozl = glzil = |z1] |z
|2,
° Zl—|21|(2¢0)
z,| |z

TRIANGLE INEQUALITY
o ol -lzll <z £ z) < |z] + |2

z

L4 |ZI+Z2|:|Z1|+|22| S Argzl—ArgZZZO,—l >0
2

and 0, z;, z, are collinear such that z;, z, lies on the

same side of origin.

z
*  |zi-z|=|z| +]|z| = Argz -Argz,=m, L <0
z
2
and z;, z, are collinear such that z; < 0 < z,.

T _
o |zi-z| =zt = Argzl—Argzz:iE,z1 Z

and 2 are purely imaginary numbers.
2
e Parallelogram Law :

|21 + 2o* + |21 - z* = 2(|21* + |2o]*)
e De-Moivre’s Theorem : (¢%)" = ¢, (cos0 + i sin6)"
= cos nO + i sinnB, where 7 is any rational number.
Note : (i) De-Moivre’s theorem is not applicable on
z = sinB + i cosb.
(ii) De-Moivre’s theorem is use to develop the various
trigonometrical formula’s like sin26, sin36, ..., sin #n6,
cosB, cos26, ..., cos nb, tanb, tan2, ..., tan #n6 and so on.

CUBE ROOTS OF UNITY
Ifz= (1)1/3 = 2z° - 1 =0, then the roots are 1, ®, ®°,

1-i\3

where ® = _Tthen o= - and euler form
2
of x = 1’ o, (1)2 — 1’ ez:'n/s)ez4n/3 )
_ 1 _ 1
e 1'00=0=L0=—=0,0'=—=0
0] 0]

e "=, where 7’ is the remainder when the
integer (n) is divided by 3 i.e, 1" " = 0" - ©*
=0 (as®’=1)

{0, if r is not a multiple of 3

o l+o +0'= . .

3, ifrisamultiple of 3
i din

e 1-0-0?=1-e?-e? =" =cos2n+isin2n=1

e o and o’ are conjugate, reciprocal and square of
each other.

e 1,m,®* form an equilateral triangle inscribed in the
circle of unit radius i.e. |z = 1

Note : 1. Cube roots of -1 are -1, -, -®

2. Cube roots of 8 are 2, 2m, 207

3. Cube roots of -8 are -2, 2@, —2m>.

USE OF CUBE ROOTS OF UNITY IN FACTORIZATION
o Xrx+l=(xF0) (xFd)
° xzixy+y2:(x$wy)(x$w2y)

2
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° x3iy3 =(xty) (xtwy) (xiu)zy)
o XHy+Z-xy-yz-xz=(x+0y+ws) (x+
0’y + 0z)

o X4y +2 -3xyz=(x+y+2) (x+ 0y +0°2)

(x + wzy + Wz)
° x2+y2=(x+iy) (x—1y)

PROBLEMS
Single Correct Answer Type

1. Iffix)- fly) = fix) + yf(y), where f(y) #0 V y € N,
then fo fo fo fo ...of(1) upto 2017 times equals to
(a) 2018 (b) 2017
(c) 2016 (d) None of these
2. The polynomial fix) = x* + ax® + bx* + cx + d be
such thata, b, ¢, d € R, f(2i) = f(2 + i) = 0. If the product

of a, b, ¢, d be expressed in terms of its prime factors,
then the product of the exponents of prime factor is

(a) 64 (b) 32

(c) 16 (d) None of these

3. If S is the sum of the product of roots of the
2018

equation x2018 _ l— x = 0 taken two at a time, the

tens place of the sum of the digits of S equals to
(a) 3 (b) 2 (c) 1 (d o

4. A function fis defined for all positive integers and
satisfies f(1) = 4035 and f(1) + f(2) + ... + f(n) = nzf(n),

then the value of equal; V n>1

f(4035)
(a) 2015 (b) 2016 (c) 2017 (d) 2018
5. fa+b+c=0,a+b+=12anda’ + b +
¢ = 40, then the value of a* + b* + ¢* equals to
(@) 8 (b) 6 (c) 4 (d) 2

6. The real value of ‘a’” for which sum of the square
of the roots of the equation P-@-3)x-(@a+1)=0
assume the least value is

(a) 4 (b) 3 (© 1 d 2
o B

7. If the equation (x + 1)" + x" + 1 = 0 has —,—
o
as its roots and o and P satisfies both equation

X+ px+q=0and x10%6 4 p2018x2018 + q2018 =0, then
the value of n must be
(a) 2019 (b) 2018 (c) 2017 (d) 2016

8. If o, P are roots of ax® + 2bx + ¢ = 0 and o - h,
B - h are roots of Ax* + 2Bx + k = 0 and D;, D, are
their discriminants respectively, then ratio of D; : D, is
(a) 2a:3B (b) 34:2b (c) a:A*> (d) a*:A°

9. If o, P are roots of the equation x* - x + 1 = 0, then

2018 + 62018

value of o equals to
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(@ 0 (b) 1

(c) -1 (d) None of these

10. If z, = cis — " lforn= 1,2,3 ... and
n(n+1)(n+2)

z= Lt (212, ... z,), then the principal argument of z is

(a) m/4 (b) m/3 (c) m/2 (d) 2m/3

More Than One Correct Answer Type

11. If roots of the equation Zra+ (-36 + 151')22 +
bz = 0 are vertices of a square, then (a + b) can be equal to

(a) 39+ 65i (b) -39 - 65i
(c) 35+ 45i (d) -35-45i
12. If zy = a + ib and z, = ¢ + id (where i = \/jl)
are two complex numbers such that |z;| = |z,| = 1

and Re(z; z, ) = 0, then the pair of complex numbers
wy = a + ic and w, = b + id satisfies,

(@) |w|=1 (b) |wy| =1

(©) |w,wyl=1 (d) Re(w;w,)=0

13. IfZ’+ (3 +2i)z+ (-1 + ai) = 0 has one real root, then
the value of ‘@’ lies in the interval, (a is real number)

(@ (0,1) () (-1,0) (o) (-2,3) (d) (-2,1)
14. If the roots of equation x° + bx® + cx — 1 = 0 form
an increasing G.P, then
(a) one of the rootis 1
(c) b+c=0

(d) oneroot is <1 and other root is > 1

(b) be (-, -3)

15. Ifa, b, ¢ are positive rational numbers satisfies a > b > ¢

and the quadratic equation (a + b - 20x% + (b +c-2a)x +

(c+a-2b) =0has aroot in the interval (-1, 0), then

(a) both roots of the equation are rational

(b) c+a<2b

(c) the equation ax* + 2bx + ¢ = 0 has both negative
real roots.

(d) the equation cx® + 2ax + b = 0 has both negative
real roots.

16. Which of the following is true if z = x + iy

(a) The equations |z - 2| =1 and |z - 1| = 2 have only
one solution.

(b) The equation 2>+ 8% =0 has 4 solutions.

(c) The number of solutions of 2> + z2 = 0 are infinite.

(d) The equation z* + |z| = 0 have more than two
solutions.

1
17. If x* - ix + 1 = 0, then x'° + —; 1s an integer
divisible by

(@ 3 (b) 41 (c) 11 (d) 13

18. If (x + 1)* + (x + 3)* = 16 then value/values of x are
(@ -1 (b) -3

(© -2-i7 d) -2+i7



4 2
19. The product of real roots of the equation | x |* —| x |°
-12=0is
(a) 1024 (b) -1024 (c) 4° (d) -2

20. If ¢y, ¢}, €3 ..., €, are binomial coefficients in the
expansion of (1 + x)", then which of the following is
true/correct?

n

> nmn
(a) cO—c2+c4—c6+...:22cosT and
2 gy T
CI—C3+C5—C7+...:2 sSin —
4
n-2
- =  mn
(b) co+cq+cg...=2""2+22 cos—~ and
n—2
- = nm
C2+C6+C10+...:2n 2—22 COS—
, 4
e
- = nm
(€) ¢y +cs+cog+...=2""2+ 272 .sin— and
4
n—2
- — . hnw
ey +e+...=2""2- 27 sin—

1
(d) cog+czt+cgt... 5(2"+2cos%) and

(., nm . Hnm
cptegtey+...=—|2"—cos—++/3sin—
3 3 3

Paragraph for Q. No. 21 to 24

Let (a+vb)® +(a—~b)! ™™ = A, where Am = N,
Ae Randa’-b=1

(@+Vb)a-vb)=1 = (a++b)=(a—b)" and
(a—b)=(a+~/b)" which means P/® + QW=p+qQ

= flx) =11. On the basis of above information answer
the following questions.

21. The solution set of the equation
> 2 14
(7+4\/§)x +2x+1 +(7_4\/§)x +2x-1 —

7-443
@ 2-1 (b) -1
(© -(2+1) (d) All of these
22. If ( 7+4\/5)\/6ﬁm +(2_\/§)xz+x—5ﬂ xxx..o0 —4
where a = x> - 5, then x equals to
@ 3 ®) 5 © e d) -6

23. If o, P are roots of the equation x* - 8x + 1 = 0
where o > B, then number of solutions of the equation

is

R P — 0 igjare
7(4-15)
(a) 4 (b) 3 () 2 d 1

24. The number of real roots of the equation
(17+1232)' +(17-123/2) = 34 (where t = x* -2|]) are
(a) 1 (b) 2 () 3 (d) 4

Matrix Match Type

25. Match the following :

Column-I Column-II
1 1
P |Ifx+ —=\/§,then x2018 4 —w | 1.2
X X
equals to
6 + —\6
Q |Letz=1+i3, then ZHE |5 14
equals to 2

R.|If 1, ay, 0y, ..., O, _ 1 are the n| 3. |3
n"™ roots of unity. If n is an odd
natural number, then the value of
1+ o) @+o0y (1+03) ... (1+
o, _ 1) equals to

1 1
S. |[Ifz- = = i,thenz2018+ —os | 4. |4
z z
equals to

T. | If |z + 4i| < 2, then minimum value
of |z + 3| =

U [ If x =-2 - i\/g, then value of
2ot 45 + 7 —x+37 =

Numerical Answer Type

26. If w # 1 is a cube root of unity and a - b = 41 and
a® - b = 4223, then value of (aw’ - bw) (am - bo?) equals
to

27. 1f 2% cos*0 sin®0 = a sin 90 + b sin 70 — ¢ sin 50 +

d sin 30 + e sinO, where 0 is real and value of
@+ b* + % + d* + €® equals 10\, then A equals to

28. Let a, b, c are distinct integers such that c = b + 1
and b = a + 1 and o is the cube root of unity other than
1. If minimum value of |a + bo + cw?| + |a + bw?* + co|
is o/l 6, then o equals to

29. The number of solutions of the equation
25 +3 46" -4"-9" =1is/are
30. Number of common roots of the equations

23—(1+i)zz+(1+i)z—i=0(wherei= le)and
207 4 28 _ 1 is/are

| SOLUTIONS
1. (a):Since f(y) #0 = flx)#0

= A1), 2), f(3), ..., f(n) are all non-zero quantities.
Given, f(x) - fly) = f(x) + yf(y) w(®)
= A1) f(1) = A1) + A1) [Putting x = y = 1]
= AN =2/ = f(1)=2asf(1) %0
Again, f(2) f(2) = f(2) + 2f(2) [Putting x = y = 2 in (*)]
= f2)=3

27)
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Similarly continue the process #n times, we get general
resultf(n =n+1

fofofo ... of(1) (upto 2017 times)
= fofofo ... of(2) (upto 2016 times)
= f(2017) = 2018

N

(0): - f2)=f2+i)=0
= x=2i 21 2+zand2—zarezerosoff(x)
flx) = drad+ b +ex+d
=(x4+20) (x=-2i)(x-2+1) (x-2-1)
= xtral+ b +rex+d=0G"+4) [(x-2)°+1]
= (x*+4) (x* - 4x+5)

4 ~ 16x + 20

tax® + b+ ox+d=xt - 4P + 952
abed = (-4) (9) (-16) (20) = 28.3%5!
Product of exponents of prime factors = 8 x 2 x 1
=16

R

2018
1
3. (a) : The given equation x2018 _ (——x) =0

2
1 2018
SN )

2
o [(2018) aorr(1)_(2018)(1Y soie
1 2 2 2
2018 1 3 1 2018
+ —| B4 =] =0
3 2 2

= §=Sum of the product of roots taken two at a time

B Coefficient of x*°1°

Coefficient of x*°!”

2018 (1)
3 8 2018x2017x2016 1 1
= = X=X

- (2018)(1) 3x2x1 472018
1 2

=2017 x 84 = 169428
Sum of the digitsof S=1+6+9+4+2+8=30
= Tens place of the sum of the digits of S is 3.

4. (d):Given, n f(n) =f(1) + f(2) + f(3) + ... + f(n)

(1
Sincen > 1 2
Taking n =2 in (i), we have

22f2)=f1) +f2) = 3f2)=f1) = fi2)=

Again taking n = 3 in (i), we have

9f(3) = (1) + 2) + f(3)

S
142

= (9 =)+ ) = A
f(1> o
= f(3) 1+2+3

28]

MATHEMATICS TODAY | OCTOBER ‘18

Continuing the process like this, we have

1+2+3+...+4035 4035%x4036 4035%2018
4  f(1) =4 i
= f(4035) = 2018 [~ f(1) = 4035 (Given)]
£(4035)
5. (a):Asa+b+c=0,wesay thata, b, c are roots of
X +px+qg=0 (1)

ab + bc + ca = Sum of the product of roots of (i)
taken two at a time
= ab+bc+ca=pandabc=-q
Now,a+b+c=0=>a
= a>+b+ =3abc
A+ +E 12
= abc= fz— =4
[ a+b°
Since,abc=-q = qg=-4
Also,a+b+c¢c=0 Sa+b+ct=
= a+b+F=-2)
"+ a,b,careroots of x’ + px + g =0
= a3+pa+q=O:>a5+pa3+qa2=0
= Ya°+pYa’+gXa’=0
= 40+p(12) +q(-2p)=0= p=-2 (- q=-4)
The cubic equation (i) reduces to X -2x-4=0
a>-2a-4=0 [ aisrootof (i)]

+=12 (Given)]

-2(ab + bc + ca)

=

= a*-2a*-4a=0

= Ya'=2%a%+4%a=2x(-2p) +4(0) = -
=(-4) (-2) = atv b+ =8

6. (d): The given equation is
x¥*-(a-3)x-(a+1)=0 (i)

Now,D=b*-4ac=(a-3)*+4(a+1)=a*-2a+13
=(a-1)%+12>0V values of ‘@’
= Roots of the equation are real & distinct. Let roots

are o. and f.
soo+P=a-30f=-(a+1)
Now, o + B2 = (ot + B)* - 2 afp

=@-3)+2a+1)=(a-2)>%+7
For least value of o + [32, we must have (a - 2)2 =0
ie,a=2.

7. (b): Given %E arerootsof (x+ 1) +x"+1=0
o

R (EH)Z(EJ" P10
B B

= (a+P)"+a"+p"=0

= od"+p"+(-p)= .(A)
[+ o, B are roots of x* + px + g = 0)
= o+p=-pandaf =¢q]



Again a, B are roots of 4036 +p2018x2018 + q2018 -0 - 2018, BZOIS +( p)2018 .(B)
2036 p2018a2018 + qzmg =0 ..(i) From (A) & (B), we get n = 2018
and B*%% + p2018[_’>2018 + q2018 =0 ..(ii) 8. (d):Given 0., P are roots of ax> + 2bx + ¢ = 0
Subtracting (ii) from (i), we get 2b c
= o+pP=-—andofP=- .
01036 _ (34036 +P2018(a2018 _ B8y — B B B . (i)
= (o182 — (BPO18)% 4 p2O18(o2018 - 62018) =0 Also, 0. - h, p - h are roots ofo2 +2Bx+ k= o
2018 2018y (2018 , 2018 , 2018
= (@ =-BT) (@ HBT T+ pT ) = ,
= (u-h)+ h—— and (o.-h h—— (i
o 208 o8 +P2018:0 (- 2018¢62018 as oL % ) ( )+(B-h) " ( ) (B-h) " (ii)

Why it’s not a good idea to be a civil engineer in India

Civil engineering has registered the lowest placement rate among six engineering streams approved by the AICTE.

Among engineering streams, chemical engineering, computer science and mechanical engineering have the highest
placement rates.

Those graduating out of engineering colleges do not always possess skills that industry requires resulting in their
not getting hired.

Civil engineering has registered the lowest

placement rate of a mere 38% between q
2012-13 and 2015-16 among Six engineering CIVIL ENGG HAS LESS THAN 40%

streams approved by the All India Council for PLACEMENT RA:rE Brad PIacement
Technical Education (AICTE). At a time when the In“000s %

construction sector is one of the fastest growing, Enrolment 86

this apparent lack of demand for civil engineers @ passeq  Chemical I 45 Al ) )
comes as quite a surprise. Data from the AICTE Pl 25

shows that over this period chemical engineering Computer 1,305

had the highest placement rates. Surprisingly, the Science I — 903 w e 2l
electronics and communication stream too had a 461

relatively low placement rate of 48%. Only three Mechanical 2,019 -

streams, chemical engineering, computer science I a0 m A7 20
and mechanical engineering saw more than half

their graduates getting place. Electronics & 1,166 2

The data also shows a considerable variation Communication ﬁ 869 Q @ 49
in pass percentages across streams, with civil

engineering once again having the lowest rate Electrical [N 544 2 ﬁ\:, - 9 43
of 39% and electronics and communications 254 AN

registering a 74% success rate in clearing the 1198

course. Mechanical engineering continues Civil [ 464 ! % 39) 33
to be the most popular engineering stream 174

with over 20 lakh students enrolling for the

courses approved by the AICTE followed by 0 500 1,000 1,500 2,000

computer science, civil engineering, electronics

and communication, electrical engineering and

chemical engineering.

Mechanical engineering has recorded 47% pass outs in these four years, but placement in the stream is barely 50%. Chemical engineering is the least
preferred branch with just 86,000 students enrolling in four years. Interestingly, between 2013-14 and 2017-18 only 55% of AICTE approved engineering
seats were filled and 214 institutes were closed during this period. Over 77 lakh students enrolled for various engineering streams during this period, over
three-fourths of them boys.

According to industry experts, the percentage of engineering seats being filled has come down over time because of an explosion in the number of seats.
Another factor, they suggest, is that those graduating out of engineering colleges do not always possess skills that industry requires resulting in, their not
getting hired. Courtesy : The Times of India

@
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Now, o - B = (at - h) - (B - h)
= (a-Pp)’=[o-h)-B-n*
= (a+P)’-40B=[(o-h)+(B-h)]*-4(0-h) (B-h)

40 4c _4B® 4k

= ———=—-— From (i) and (ii
YT [From (i) and (ii)]
4b* —4ac  4B* —4kA
—r =
a’ A? 5
1 &=&2>Dl_a—:>D1:D2=az 142

o =___'-
2 2 2 2
B (O S YER [P (R G
2 2 2 2
= =0’ B=-
o201 G018 _ (22018 (2018
_ @i036 2018 _ (L2
10. (a) 11. (a, b, ¢, d)

12. (a, b, ¢, d) : Given |z;| = |2z, = 1
We have, z; = cosf; + i sinf; and z, = cos0, + i sin6,
where 0, and 6, are arguments of z; and z, respectively.
Also, z; = a + ib = cos; + i sinf; and
Z, = ¢ + id = cosB, + i sinb,
= a=cosO;, b =sinb; and ¢ = cosb,, d = sinO,
Again Re(z; Z,) = 0 + 0i
= Re[(cosB; + i sinO;) (cosb, — i sin 6,)] =0 + 0i
= Re[cos(0; - 0,) +isin(B, - 0,)] =0 + 0i
= c0s(0,-0,)=0 = 0,-0,= % = 0,=0,- ~
. . 2
Now, w; =a +icand wy = b + id
= w; = cosb; +icosB, and w, = sinO; + i sinO,
= w;=cosO; +isinf, = z;
and w, = cos0, + i sinB, = z,
= |w| =lz;| = land [wy| = [z, =11
Again, |y wo| = | Wy | [wo| = [wi] |, | = [wi] [wo] = 1
and Re(w; w, ) = Re[(cosB,; + isinB;)(cosB, - isin6,)]
= Re[cos(0; - 0,) + i(sin(B; - 6,))]

=Re [cos%ﬂ'sin%} = Re[(0 + )]

Re(w; w, ) =0
13. (b, ¢, d)
14. (a, b, ¢, d) : Suppose the roots are o , O, or where
o>0andr> 1. r
L i otoar=-b (sum of roots) ..(3)
’

Sum of the product of roots taken two at a time

D
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1
=a2(;+r+1) =c (i)
Product of roots taken all at a time = >~ (o)(or) =1
r ...(iii)

= o=1= a=1 (other values are imaginary)

1
Sumofroots= =~ +1+r=-b
r

1 2

. (__ﬁ) 3=
1 2

= (__\/;) =-(b+3)>0

= b<-3 = be (-, -3)
Again from sum of the product of roots taken two

. . 1
at a time and using oo = 1, we have = + r+ 1 = cand

Samurai Sudoku puzzle consists of five overlapping sudoku grids. The
standard sudoku rules apply to each 9 x 9 grid. Place digits from 1 to 9
in each empty cell. Every row, every column and every 3 x 3 box should
contain one of each digit.
The puzzle has a unique solution.
6 91813 7 4 115 6
6 1 9(6 3
2 4 8
6 1 718 117 8(5/]9
7 4 6 9 51 3
1 51913 5 9 6|7
3 512 1
4 6 8
9 8 |4 9 4 9
613|7 5
4 9
8 71412
1 8 2 1 201 3
3 1 7 2
9 7 8|4 4 6
516 4 9 2(5|7|3|4
8 913 6 8 7 1
11918 5|2 21 9 8
1 1 2
6 714 3
2 419 7 3 8[41]5 2
Readers can send their responses at editor@mtg.in or post us with complete address.
Winners’ name with their valuable feedback will be published in next issue.




= b=-c > b+c=0

o
Now, r > 1 and roots are —, o, or

’
= g:l <landor=r>1
r r

One root is < 1 and other root is > 1.

15. (a, b, ¢, d) : Since, we know that if sum of the
coeflicients of a quadratic equation is zero, then roots
of the equation be rational and one of the root be 1 and

constant term
other root be

coefficient of x>

Here, sum of the coeflicientsis (a + b - 2¢) + (b + ¢ - 2a)

+(c+a-2b)=0.

c+a-2b

a+b-2c

which is rational as a, b, c are rational. Thus both roots

of the equation are rational.

Also,a>b>c = a-b>0,a-¢c>0,b-c>0 ..(I)

Again, root of the equation lies in the interval (-1, 0)
f(-1) f(0) < 0, where f(0) =c+a-2band
f(-1)=2(2a-b-¢)

= 2Q2a-b-¢)(c+a-2b)<0

= [(a-¢c)+(a-b)](c+a-2b)<0

=

=

One of the root is 1 and other root is

(c+a-2b)<0 (using (i))

c+a<2b ...(ii)
Now, in order to check that equation ax’ +2bx+c=0
has both roots real and negative we need to show
D> 0.

2
Sum of roots is < 0, sum is clearly < 0 as S = - 2 <0
asa,b>0. a

Again, (c+a) <2b [From (ii)]
2b>(c+a)

4b% > (¢ + a)?

4b* > ¢ + a* + 2ac

4% — dac > A + a® - 2ac

4b* —dac> (c-a)?>0

L i ul

-2b
D>0anda,b,c>0anda>b>¢,S= — <0
a

Roots of the equation ax” + 2bx + ¢ = 0 are real and
negative.
Similarly, discriminant of cx?+2ax+b=0is
D=4a*-4bc=4(a*-bc) >0asa> b > ¢, then a* > be
D>0
Thus roots of cx” + 2ax + b = 0 are real and negative.
16. (a, b, ¢, d) : Given, z = x + iy
(@ . |z-2|=land|z-1]|=2
= (x—2)2+y2—1:0and(x— 1)2+y2—4=0

K +y*—4x+3=0andx’+y*-2x-3=0
x=3andy=0  (Solving above two equations)
~. z=3+0i, is the only one solution

(b) Given,z2+8z=0

= 7#=-8%
= 2zz=-8z
= 2| |2] = 8[| ) (. 2l = [z)
= |¢|=0,|e|=8 = |¢|*=64
= 2zz=64 .. E=%
z

= Zz=(—8)(%) = 22=(-8) .. z=-8,-8w, -8w*

Now, |z| = 0 gives one solution and |z| = 8 gives three
solutions.
- Total number of solutions of z* + 8Z =0 is 4.
(c) Given,z*+z*=0.Herez=x+iy .. Z =x— iy
= 2(x*-y)=0 = x=*y or y=*x
= z=Xy+iy or z=xtix
= z=y(x1+i) or z=x(1%i)Vx, yeR
= z*+z” =0 have infinite solutions as x, y can assume
any real number.
(d) Givenz>+|z|=0 = 2> =-|¢]
(where 2% = x* - y* + 2ixy)

2

|2°] = |-l2]| = |2l

= Jef* - =0

|22|=|x2 —yz +2ixy|\/(x2 —y2)2 +4x2y2

N |22|= ’(x2+y2)2:x2+y2:|zl2
= |z] (]| -1)=0
= |¢|=0,|z] =1
= x=0,y=0,z=0%i ie, z=%1i
S z=0,z=%iie, z=0,1, -1
Thus, z* + |2| = 0 has three solutions.

1
17. (a,b):Given x> —ix+1=0 = x+ — =i

X
1 1
x2+—2+2:i2:>x2+—2=—3 ..(A)
X X
. 1
Againx + — =i
X
3 1 3
X+ F3x+— =i
X X
3 1 . . 3 1 .
= x+—3+31:—1:>x+—3=—41 ..(B)
X X

Multiply (A) and (B), we have

3, 1 2, 1 .
— — | =(3)(-4
(x +x3](x +x2) (-3) (-4i)
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1
= x4 — =-121-2
X
10 1
= x + o =-123=-(3) (41)
X
= x4 %O is divisible by 3 and 41.
X

18. (a, b, ¢, d) : The given equation is of the form
xta)+(xtb)t=c
a+b

Substitute y = x + for simple form

Given equation is (x + DY+ (x+3)*=16 ..(1)
Putting y = x + 1+3 ie,y=x+2
2
x+1l=y-landx+3=y+1
From (i) we have
G-D*+(y+1)*=16

= 20'+6 +1)=16
= y'+6y"-7=0
= P+ -1)=0
= y=i1,y=ii\/;
= x+2=%1x+2=2%iV7
= x=t1-2,x=-2+i7
= x=-1,-3,x=-2% if7
4 2
19. (b, d):Given equation is |x|*> —|x|>-12=0
2
= #-t-12=0, wheret=|x|°
2
= t=4,t=-3which is not possible as |x|[>>0

2 1
|x5 =4 = |x]P=2
x=%(2)°=2°-2°
. Product of real roots = (2°)(-2)° = 2% = ~1024
20. (a, b, ¢, d) : We know that

Ul

(L+x)"=co+ X+ X + 636 + o+ c,x" (F)
Putting x = 1, -1 in (*), we have
Cotep+ey+ez+..tc,=2" (i)

andcy-c;+cy-c3+...+(-1)"c, =0 ..(ii)

Adding (i) and (ii), we get
2(cp+cptegt+..)=2"

= ottt =2"""1

On subtracting (ii) from (i), we get

...(ii)
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2(C1 + C3 + C5 + ) = 2”
i+ cy+cs+..=2""1
Now putting x = i in (*), we get
(CO—C2+C4+C6—...)+i(C1—C3+C5—C7+...)
A\N
=(1+i)" = @”(%)
2

(co—cp+ca—cog+...)+ilcy—c3+c5-cr+...)
z T n)'
= 22| cos—+isin—
4 4
= (cg-Cy+cy—¢cg+..)+ilc;—c3+c5—cy+..)

n
= nm nm
=22| cos—+isin—
4 4

..(iv)

n
S nm
Co—Cy+cy—Co+..=22 cos—~ (V)

n

..(vi)

> i
—C3+cs—c+..=22 sinn?
Now, adding (iii) and (v), we get

n
- onm
2(co+cgtcgt..)=2" Y22 cosI

n-2

_ —  nm ..
= cyteytcgt..=2" 2y COSZ ...(vii)

Subtracting (v) from (iii), we get
n
2(cy + cg+ cppt ) =2"7 L2 cos%

n-2
N

= C2 + C6 + CIO + .= 21’1—2 -2 2 COSZ (Vlll)

Now, adding (iv) and (vi), we get

n
. S . nm
2(c; ¥ c5+ cg+..) =2" "1+ 22 sinI

n—2
- —- . nm
=  +CsHCo+..=2""1+22 sin—
4

.. (ix)

Subtracting (vi) from (iv), we get
n
_ S . NI
2cs+ ey +.)=2""1- 22 sin—~
n—2 -
_ — . n
= e e +.=2""2-22 gn— (%)

Again (1 +x)" = ¢y + 1% + X + 3% + oo + Cx"
Putting x = 1, w, (Dz, we get
2" =(cp+t 3+ cgt )+ 1(cy+c5+cg+..)+
ey +cg+c+.0)
(1+ )" =(co+ 3+ o+ ...) + 0y + s+ Cg +...)
+0(cp+cg+c+.0)



(1+0D)" = (co+ 3+ Cg+ ...) + O(cy + €5 + Cg +...)

+0Xcp +cp+ 0+ )
Adding the above relation we get
2"+ (1+ )"+ 1+ 07" =3(cy+ 3+ ¢o) + (1 + 0 + 0P
(cp+c5+cg+...)+(1 + 0+ ) (c;+ca+cy+..)
3(co+C3+ Cg+ ) = 2"+ (~0P)" + (-)"

=2"+(-1)" cosﬂﬂ’sinﬂ + coszn—nﬂ'sinzn—Tc
B 3 3 3 3
n n 4nm nm (. 4nm . 2nm
=2"+(-1)"|| cos——+cos— [+i| sin——+sin—
3 3 3 3

T T
=2"+ (-1)" [2C0snn-cos%+2i(sinnﬂ:-sin%):|

T
= 2" 4 2(=1)"(~1)" cos% +2ix0

1
22" +2cos™
3 3

1
22" —cos™ + S3sin ™
3 2 3

C0+C3+C6+...:

Also,ci+ ¢4+ c7+ ... =

21. (d) : We have,

2 2
(7+4\/§)x +2x+1+(7_4\/5)x +2x-1 —

14
7-43

X +2x
N Y Yo SN e 43) 14

2 LU Uy

7-443

the form @™ + ¥ = g + b and satisfies a + b = 14
andab=1

fix) =+ 1 where flx)
X +2x=%1
(x+1)?=+1+1=2,0
(x+1)*=2and (x+1)*=0
x=%2 -landx=-1

x= \/5 —1,—(\/5+1) and -1

= x>+ 2x

Lu

22. (c) : Here
1

and \VxVxvx...00 = x2+4+8+m =xand x>0

Also \/7+4\/§ :\/(2+\/§)2 =2+4/3

NOW,( 7+4\/§)\la\/a a.. 2 \/_ tx— 5—\lx\/x\/x_ —4

" (2+\/§)ﬂ+(2 \/7))( —Xx—5+x =4

=a,a>0

= @+ -3 =4 =[2+J§>+(2—J§>]

which is of the form AW + B®W - A+ B
flx) ==

T7-a3

o (7+43)" 2% 4 (7- 437 = 14 which is of

xX*-5=%1

X*=%1+5=6,4

x=*VJ6,x=12

X = \E as x > \/Ebecausex2—5:a>0

(c) : Given, a, B are the roots of the equation
-8x+1=0

SN RN

=

oc:4+\/E,B:4—\/E

Now, o ~2r+1 4 Byz—Zy—l __ 50
7(4-+15)
2_ 2 5. 50
= @+15) @15y a2

7(4—+/15)
= (@15 P - Visy =2

2
Let (4++/15) 72V =t
1 50
tr o= = 7 -50t+7=0 = t=7,7"
2
= (@+\15)"¥ =7,7"
2
= (y —2y)log(4+\/g)(4+\/15)=log4+\/g(7),

—10g4+@(7)
(Taking log at base (4 + \/E )
log4+\/g(7),—log4+\/g(7)
= (-1*=1+ log,, (7). 1-log, =(7)

= y=1t% 1[1+10g4+\/g(7)

(rejecting 1 —log T (7)<0)
Hence, number of solutions are 2.

24. (d): We have, (17 + 1232 ) + (17 - 122 ) = 34,
where t = x* - 2|x]
Leta+ vb =17+ 1242 ,a- b =17 - 1242 which

[~ (a+ \/E)(a—\/g)=1and

= y2—2y:

satisfies a®> - b = 1

(a+ f)l (a—\/_)_1 and vice versa]
Now,(17+12f)f+(17—12f) =34
o t=11
= X -2l =
= |x*-2x|=%1
= (x-1*=1£1=2,0
= |x|-1=%+2,0
= |x|=(1%+2)1
= |x=1++2,1 (o |x]=,0)
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= x=i(1+\/5),i1
Number of solutions of the given equation are 4.
25.P—>2,Q—>4,R—>2,S>52,T—>3,U—>1
(P) Here, x + lz\/g
x
= X-Bx+1=0

EREERERY
2

=

When x = +

i
2

T
= X=C0S—+isin—
6

2018 2018
= X8 = cos T +isin T
I 2018 ., . 2018m
= —oE = €08 —isin
x
21
P04 — =2 c0s2018 % =2cos(336ﬂ: +—J
X 6 6
T i
=2 cos (33615 +g) =2 cos (275(168)-%?)
T
=2cos— =1
3
3 i 3 1
When, x = £—i=£+ —— i
2 2 2 2

n) .. (=
= X=COS|—— |+i1smn|——
( 6) ( 6)

2018w . [ —2018m
= 2018 _ ¢ zsm( . )
I 2018t . . ( —2018%
= So1g = €08 —isin
X
1 20187 T
x2018 5018 =2 =2cos—=1
x 3

1 iV3
(Q)z:1+i\/§ :2(54'%} = 20’and Z = 20

(2)°+(z)0=20+2°
(2)°+(2)° _128 _
2° 32
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(R) Since, 1, 04, Oy, ..., O, _; are the n n'P roots of unity,
it means these are roots of the equation x" -1 =10
Now, x" - 1=(x-1) (x-0) ... (x -0, _;)

X" -1

x—

= T+x'+x>+..+x"

=

=(x-0a) (x-0y) .. (x-0,_1)

o -oy) (x - o) .
(x -0, _1)
Putting x = -1 on both sides, we get
1+ D 4 D2+ (D" ]
="M A+ o) (L4 0,) . T+, ) .(%)
T+o)(l+0y)..0+o,_)=1
(as in the left of (*) there are n terms and 7 is odd)

i+3

2

(S) Given,z—l =i = F-iz-1=0=>z=

z
% and z = i—\3

= z= =
2

i 5m
fiid 2=

z=¢6 andz=¢ ©

T . Y
2018~ —i2018~
208, 6 and 22018 — , 6
1 2018w
22 —— =2cos
,2018

2
= 2cos(336n+?n)=2cos§=1

Jo1s {2018;57:) i(1680n+1%n)
Also, z =e =e

Jom - sm
22018=e 6 =e3

1 51 1
My =2cos?= (—) =1

(T) Leto=|z+3|=|(z+4i)+ (3 -4i)|
> |3 - 4i] - |z + 4i|
>5-2=3
(U) Here,x:—2—i\/§
= x+2=—i\/5
= (x+2)2=—3
= xX*+4x+7=0
Now, 2+ 5x° + 73 - x + 37
=220 +4x+7) = 3x(E +4x+7) + 50 + dx +7) + 2
=2 (x> +4x+7=0)
26. (103) : ** (ao’ - bw) (aw - bw?®) = a* + ab + b*
(007 - b) (a0 — bo) = (a—b)(a* +bab+b2)
a—

3 3
-b
_ a _ 4223 - 103
a-b 41




0

27. (7): Let z = €'° = cos0 + i sin6, then

1 i .
¢ = cosO - i sinf

z

2 =" = cos 20 + i sin 20, then
1 .

- = ¢ = cos 20 - i sin 20
9= ¢70 = c0s 90 + i sin 90, then

5 = ¢ = c0s 90 — i sin 90

1 1
Again,z+ — =2cosBandz- — =2isin®
z z

Similarly, we can calculate the various results as we
needed like

1 1

2 2

T+ 5,7 - e
z z

Now consider, (2 cos0)* (2 i sin6)°

(e (1) (2 ()

2% i cos*0 sin’0

(3

1 1
29+ —9,29— ) etc.
z z

1] 1l
— N

N —

o N

| g
N

|"‘ N |
N / o)

I —
— |

N l,;\];

l N
N\ll'—‘ S
N—— +

N

L ofa

N |

I phuiing
le,_‘ N )
N— +

& | —
~—

1 1
+4(z3 ——3)+6(z——)
z Zz

= 23(2i) cos0 sin®0 = 2i sin 96 - 2i sin 70 — 8i sin 50
+ 8i sin 30 + 12i sin®
= 2i(sin90 - sin70 - 4 sin50 + 4 sin30 + 6 sin0)
(1)
Also, 2% cos™0 sin0 = a sin 96 + b sin 76 - ¢ sin 50
+ d sin 30 + e sin® ...(i1) [Given]
From (i) & (ii), we have
a=1,b=-1,c=4,d=4,e=6
AP+ d e =1+1+16+16+36=70
Given, a’+b*+ 2+ d? + ¢ = 10A. Thus, A =7
28. (1728) :Let z = a + bo + c’

= Z=a+bo+cow? =a+ b’ + c®

Now, |Z|2 =2Z =(a+bo + cw?) (a + bo? + cw)
=a’+ b* + & + ab(® + ©%) + be(w + ©%) + ca(w + )
=a?+b+c*-ab-bc-ca

1
= 2 (2a® + 2b% + 2¢* - 2ab - 2bc - 2ca)

2] = %\/(a—b)2+(b—c)2+(c—a)2

Again |a + bo + co’| + |a + bo’ + coo| = |2| + |z | = 2|7
|la + b + co?| + |a + bo* + co|

=2 @=bP + (=P +(c—a) 22 (-1} +(-1)2+2°

(v b=a+1,c=0b+1which meansa, b, c are
consecutive)
= (12)"2 = (1236 = (1728)"/6 = o/!/® (Given)
o=1728
. (1): Given, 2° + 3% + 6" -4 _9* = 1
2% +3°+6°-4"-9"-1=0 ()

25 +3% 4253 22 -3 120
a+b+ab-a’>-b>-1=0,wherea=2"b=3"
a*+b*-ab-a-b+1=0
20@*+b*-ab-a-b+1)=0

(@*-2a+ 1)+ (a*+b° - 2ab) + (b* - 2b+ 1) =0
(@a-1°+(@-b’+(>b-17>=0
a-1=0,a-b=0,b-1=0

(If sum of the square of two or more numbers is zero,
then they are independently zero)

= a=b=1

o 2"=1,3"=1,2"=3"

L =

= 2=203*=3° [ 2° =3"is not possible]
= x =0 is the only solution of (i)
. Number of solution is only 1.
30. (0): Given, 22 - (1 + )22+ (1 +i)z-i=0
= Z(z-i)-z2(z-i)+(z-i)=0
= (z-i)(Z-z+1)=0
= (z-i)(z+w) (z+0)=0

= z=i -, -0

Now, 2% 4+ 22018 _ 1 ..(1)
— i2017 + i2018 _1
=ity 2t (Here, A, = 504)
=i-1-1#0

i is not a root of the equation.
Again putting z = - in (i), we have
()27 & (c)?8 - 1
= - 0367 1 2.
=—0+ 0% - 1=20>#0,50 z= -0 is also not a root
of the equation.
Now, putting z = —o’, we have
o)) 4 (C@?)2018
_ _ 034 | 4036 _ |
=0’ +m-1
=20 # 0, 50 z = -0 is not a root of the equation.
Number of common solutions of the equation is 0.

@

672) _ 4
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MOCK TEST PAPER

JEE MA

Time : 1 hr 15 min. Series-5
The entire syllabus of Mathematics of JEE MAIN is being divided into eight units, on each unit there will be a Mock
Test Paper (MTP) which will be published in the subsequent issues. The syllabus for module break-up is given below:

Topic Syllabus In Details
Differential Functions, Limits, continuity & differentiability.
calculus

ot Statistics & Measures of Dispersion: Calculation of mean, median, mode of grouped and ungrouped
< Probability data, calculation of standard deviation, variance and mean deviation for grouped and
= ungrouped data.
5 Probability : Probability of an event, addition and multiplication theorems of probability.

Co-ordinate Coordinate axes and coordinate planes in three dimensions. Coordinate of a point. Distance

geometry-3D | between two points and section formula

1. Let fbe a real valued function satisfying fix + y) =
fx) fly) for all x, y € R such that (1) = 2. If

if(“+k)= 16(2" - 1), then a =

k=1
(a) 3 (b) 4
(c) 2 (d) none of these

2. If{x} and [x] denote respectively the fractional and
integral parts of a real number x, then the number of
solutions of the equation 4{x} = x + [x], is

(a) 1 (b) 2

(c) 3 (d) infinitely many

3. The domain of the definition of the function
f(x)=1log, [logs {log; (18 — x* =77)}], is
(@) (8,10) (b) [8,10] (c) (-o=, 8] (d) [10,0)

4. The period of f(x) = cos(cosx) + cos(sinx) is

(a) m (b) 2w (c) m/2 (d) 4m
2 . TXx
= 1
5. A function f(x)= X sm 2 |x]< is
x|x|,  |x|=1

(a) an even function (b) an odd function
(c) a periodic function (d) none of these

e[x]+|x|_2
6. If f(x)=x—————, then lim f(x),is
[x]+] x| x—0
(@) -1 (b) 0
(c) 1 (d) non-existent
x* sin(l)er2
7. 'Thevalue of lim —x3 is
x—>—c0 I+|x7 |
(@) 1 (b) -1 (0 (d) oo
sin{cosx}’ x;tE
_r 2
8. If flx)=4 75
T
1, x=—

where {-} represents the fractional part function, then
flx) is

(a) continuous at x = /2

(b) lim f(x) exists, but f{x) is not continuous at x = 11/2

x—T/2

() lim f(x) does not exists
x—T/2

(d) lim f(x)=1
x—T/2"

By : Sankar Ghosh, S.G.M.C, Mob. 09831244397.
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9. Let flx) = [|x|], where [] denotes the greatest
integer function, then f'(-1) is

(@ o (b) 1

(c) non-existent (d) none of these

10. Let flx) = min{1, cosx, 1 - sinx}, -1 < x < 7. Then,
flx) is

(a) not continuous at x = /2

(b) continuous but not differentiable at x = 0

(c) neither continuous nor differentiable at x = 7/2
(d) none of these

11. Let f be a differentiable function satisfying the
condition:

f(ﬁ)zm forall x,y e R(y #0)and f(y) #0
y) )

If f'(1) = 2, then f’(x) is equal to
(@) 2f(x) (b) @ () 2xflx) (d)

12. Let a function flx) defined on [3, 6] be given by

log,[x] , 3<x<5
=9, ¢
|logex| ,5<x<6

2f(x)
x

Then f(x) is

(a) continuous and differentiable on [3, 6]

(b) continuous on [3, 6) but not differentiable at x = 4, 5
(c) differentiable on [3, 6) but not continuous at x = 4, 5
(d) none of these

13. Let flx) = sinx, g(x) = [x + 1] and h(x) = gof(x),

where [-] is the greatest integer function. Then, h’(g) is
(a) 1 (b) -1

(c) non-existent (d) none of these

14. Let f(x) be a polynomial satisfying

R ||
(f(@))" +(f ()" =0. Then, lim f’(x)|: f(x)]

(where [-] denotes the greatest integer function)

(a) 0 (b) 1 (c) -1 (d) floy f (o)
15. If f(x)= ” ,
9% +9
1 2 3 4037
thenf(zow)+f(2019)+f(2019)+'"+(ﬁ)_
@ 1009 (b) 2037 (o) 2018 (d) 2019

16. The graph of the function y = f(x) has a unique
tangent at the point (a, 0) through which the graph

log,(1+6f(x)) is
3f(x)

passes. Then lim
X—a
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(a) 1
(c) O

17. Two integers x and y are chosen with replacement
out of the set {0, 1, 2, 3, ..., 10}. Then the probability that

(b) 2
(d) none of these

lx—y|>5is
81 30 25 20
2 ) = 22 g =
® 121 ®) 121 © 121 @ 121

18. A is one of 6 horses entered for a race, and is to be
ridden by one of two jockeys B and C. It is 2 to 1 that
B rides A, in which case all the horses are equally likely
to win. If C rides A, his chances of winning is tripled.
What are the odds against winning of A ?

(@) 5:13 (b) 5:18

(¢c) 13:5 (d) none of these

19. The probability that sin”!(sinx) + cos_l(cosy) is an
integer x, y € {1, 2, 3,4}, is

1 3
(a) — (b)y =
16 16
15
() R (d) none of these.

20. Three numbers are chosen at random without
replacement from 1, 2, 3, ..., 10. The probability that
the minimum of the chosen numbers is 4 or their
maximum is 8 is

11 3

fall b) =
() 20 (b) o

1
c) — d) none of these.
(©) 0 (d)

21. Let the probability P, that a family has exactly n
children be ap™ when n>1and Py=1-op(1 +p+p* +...).
Suppose that all sex distributions of # children have the
same probability. If k > 1, then the probability that a
family contains exactly k boys is

200 p
@) ——— b)) ———
(c) % (d) none of these
-p

22. The mean and median of 100 items are 50 and 52
respectively. The value of largest item is 100. It was later
found that it is 110 and not 100. The true mean and
median are

(a) 50.10, 51.5
(c) 50,51.5

23. If the standard deviation of the observations -5, —4,

-3,-2,-1,0,1,2,3,4,5is \/E . The standard deviation of
observations 15, 16, 17,18, 19, 20, 21, 22, 23, 24, 25 will be

(b) 50.10, 52
(d) none of these



@ 10+20 (b) J10+10
(c) \/B (d) none of these

24. An aeroplane flies around a square, the sides of
which measure 100 miles each. The aeroplane covers at
a speed of 100 mph the first side, at 200 mph the second
side, at 300 mph the third side and 400 mph the fourth
side. The average speed of the aeroplane around the

square is
(a) 190 mph (b) 195 mph
(¢) 192 mph (d) 200 mph.

25. The first of the two samples has 100 items with
mean 15 and standard deviation 3. If the whole group
has 250 items with mean 15.6 and standard deviation

V13.44, then the standard deviation of the second
group is

(a) 4 (b) 5 (d) 7

26. From a sample of n observations, the arithmetic
mean and variance are calculated. It is then found that one
of the values, x; is in error and should be replaced by x,".
The adjustment to the variance to correct this error is

(c) 6

1 x| —x +2T
(@) ~(x) —x)| %+ - 11—

n n

1 x| —x +2T
(b) ~(xf = )| ¥+ + = — ——

n n

1, , x{ —x +2T
() ;(x1+x1) xl—x1+%

(d) none of these

27. The xy-plane divides the line joining the points
(-1, 3,4) and (2, -5, 6)

(a) internally in the ratio 2 : 3

(b) externally in the ratio 2 : 3

(c) internally in the ratio 3 : 2

(d) externally in the ratio 3: 2

28. The points A(5, -1, 1), B(7, -4, 7), C(1, -6, 10) and
D(-1, -3, 4) are the vertices of a
(a) trapezium (b) rectangle
(¢) rhombus (d) square
29. Ina AABC, the mid-point of the sides AB, BC and
CA are respectively (I, 0, 0), (0, m, 0) and (0, 0, n). Then
AB® +BC* +CA*

P+m® +n?
(a) 2 (b) 4 (c) 8 (d) 16
30. The cosine of the angle of the triangle with vertices
A(1, -1,2), B(6, 11, 2) and C(1, 2, 6) is

63 36 16 13
(@) p ® = @ @ P

1. (a):We have, f(x)=[fQ)* =2* forallxeR.
[If f: R — R is a function satisfying flx + y) = fix) f(y)
for all x, y € R, then f(x) = {{1)}* V x € R]

i fla+k)=16(2" -1)
k=1

n n
= YR o1en -1 = 27 Y 25 =1602" - 1)

k=1 k=1
= 2°Q+22+22 +..+2")=16(2" -1)
2" -1
= 2“><2[2 J=16(2”—1)
= 2=t o 4=3

2. (b): We know that, x = [x] + {x}
4{x} = x + [x] = 4{x} = [x] + {x} + [x]
= 3{x} = 2[x] (1)
But, 0 < {x} <1
= 0<3{x} <3 = 0<2[x] <3

N osm<§ = [x]=0,1

When, [x] = 0, then {x} = 0 [from (1)]
When [x] = 1, then {x} = 2/3

. x=0,§ |: x=[x]+{x}]

3. (a):Here f(x) = logy[logs{log;(18x — x* - 77)}H
will be defined if [logs{log;(18x - X - 77)} >0
log;(18x — x* - 77) > 5°

(18x - x*-77)>3' = x*-18x+80<0
(x-8)(x-10)<0 = 8<x<10

x € (8, 10)

(c) : Here we have, flx) = cos(cosx) + cos(sinx)
- cos{cos(m + x)} = cos(-cosx) = cos(cosx)

and cos{sin(T + x)} = cos(-sinx) = cos(sinx)
Therefore, cos(cosx) and cos(sinx) are periodic functions
with period 7. So, f(x) should have period 7.

But, we find that

(T
cos {sm (E +x )} = cos(cos x)

and cos {cos (g +x )} = cos(—sin x) = cos(sin x)

gL S R A

Therefore, f(x) is periodic with period /2.
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—x%,  ifx<-1
T
5. (b):We have, f(x)= xzsinTX, if —1<x<1
X%, ifx>1

For x € (-1, 1), we have
f(_x):(_x)z Sin(_Tnx):—xz Sln_:_f(x)

Letx € [1,0). Then,x=1+k, k>0
Clearly, -x = -1 - k € (-0, -1]

Now, f(-x) = fl-1 - k) = =(-1 - k)* = =(1 + k)*
andf(x) = (1 +k)?

. fl=x) = —flx) V x € (-o0, =1] U [1, o)
Thusf x) =-flx) Vx€ R

Hence, f(x) is an odd function.

6. (d): We have,

—1-x _
lim f(x)= lim x> 2
x—0" x—0" —1-x
[ [x] =-1and |x| = -x when -1 < x < 0]
-1
= lim f(x)= lim 0x5——2=0
x—0" x—0" -
x —
and, lim f(x)= lim x| 2
x—0" x—0" x

[ [x] =0 and |x| = x when 0 < x < 1]

= lim f(x)= lim ¢*-2=1-2=-1

x—0" x—0"

. lim f(x) does not exist.

x—0
. 1
x4 sSinj| — +x2
X

7. (b): We have, lim

x—r—eo 1+ 27 |
4 . 1 2
h s1n(—h)+h
=lim ———~*——, whereh=—x
h—eo 14| R |
—h*sin (1)+ W
. h
= lim ——*——
h—e 144
—hsin 1 +l
. h) h -1+0
= lim = 1
h—>o0 L-H 0+1
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8. (b): We have,

ofofz)

lim f(x)— lim f(——h)— lim

- h—0 —h
x—>=
2
 lim sin{sin h} — lim sin(sin h) y sinh -1
h—0 —h h—0 sinh h

, o
sm{cos(z-kh)}
T
an 1n;+f(x) h;n})f(z ) im

T T

N
2 2 2
. sin{—sinh} . sin(sinh) sinh
=lim————=-lim———x——=-1
h—0 h h—0 sinh h

So, lim f(x)= lim f(x)= f(g)

Therefore, lim f(x) exists, f(x) is not continuous
at x = /2. X712

0 ,when —1<x<1
1 ,when —2<x<-1

9. (c) : We have f(x)=[|x|]={

L= lim LEHER=SED 101
h—0" h h—0

and Rf’(—l): lim w: lim E__oo
h—>0+ h h—)0+

Since Lf'(-1) # Rf'(-1), therefore f(x) is not differentiable
at x = -1.

10. (b) : Given that f(x) =
-TSXS<T

min{l, cosx, 1 - sinx},

T
COS X ,—ESxSO

= f(x)=

. B
1-sinx ,0<x£5

b
COSX ,E<xSTc

Now lim f(x)= lim cosx=1

x—0" x—0"
and lim f(x)= lim (1-sinx)=1
x—0 x—0
and, f(0) = cos0 =1
Clearly lim f(x)= lim f(x) f@0), so f(x) is

x—0" x—0"

continuous at x = 0.

Again Lf’(0)= i(cos x) =0
dx

x=0



=-1
x=0

and Rf’(0) = di(l —sinx)
X

. Lf’(0) # Rf(0)

Hence, f(x) is not differentiable at x = 0.

Thus f(x) is continuous at x = 0 but not differentiable
at x = 0.

11. (d) : We have,

o)

) forallx,yeR(y#0)and f(y)#0

fo)
_fO _ .
f= m = f()=1. [Replacmg x and y both by 1]
Now, f'(x)= lim L X W=/ ()
%0 h

fleth)
f(x)
h

= f'(x)=f(x)lim {
h—0
x+h

Riees A0

i
= f(x)=f(x)lim
h)fm

f
= f’(x)=f(x)lim {—
h—0

f)

~—
® \

}['-' f=1]

(i) 0

lim
h—0

/N
—
—+
®I= =

f( % [ rv=1]

= fx)=

==

= f(x)= f(x)f(l) 2f(x)

[ fW)=2]

loge 3,3<x<4
12. (d): We have, f(x)=qlog, 4, 4<x<5
log, x , 5<x<6
Clearly, f(x) continuous and differentiable on
[3,4) U (4,5) U (5, 6)
At x = 4, we have

lim f(x)=log,3and lim f(x) log, 4

x—4 x4t
lim f(x)# lim f(x)
x—4" x—4t

Thus, f(x) is neither continuous nor differentiable at
x=4.
At x = 5, we have

lim f(x)=log, 4 and lim f(x) log, 5

x—5 x—5"

» lim f(x)# lim f(x)

x—5 x—57
So, f(x) is neither continuous nor differentiable at
x=5.

13. (c) : We are given that
flx) = sinx, g(x) = [x + 1]
and h(x) = gof(x) = (smx)

[sinx + 1]

()

Now, Lh'(E)— hm

5—0" R
|:sin( +5J+1:| |:sm +1:|
= lim
0—0"
= lim 1-2 |: 0—>0 .. —+8<E:|
50~ O 2 2

Similarly, we have Rh’(g)z —oo,
Hence, 1’ ( ) does not exist.
2

14. (b) : We are given that the polynomial f(x) satisfies
the relation (flo))? + (f"(cr))* = 0

v flo) =0=f"()
= x = o is a root of f(x) and f’(x)
= (x - o)’ is a factor of f(x)
Let f(x) = (x - o) ¢(x).
Then f’(x)=2(x — 0)o(x)+ (x — 00)? ¢’ (x).

L@ (-

) 2000+ (x— )9’ (x)

. f) | f (%)
Now, xlincx f'(x)|: f(x):|

TN C) [f ) —{f '(")H, (since [x] = x - {x}]

xoo f/) f(x) | f(x)

i SO @ f(x){f’(x)}
x—a f(x)  f(x) x—of'(x)| f(x)
=1-0=1

9X

15. (b) : We have f(x)=
9* +9

92—x
L f@-x)=
9% 19
9x 92—x 9x 9
So, f(xX)+f(2—x)= + - + _
9°+9 9*49 949 949
= f(x)+f2-x)=1
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) 1 2 3 4037
' f(2019J+f(2019)+f(2019)+'"+f(2019)
1 4037 2 4036
Vs oG {f (m)” (55 )+
{ 2018 2020 )} (2019)
+f
2019 2019 2019

1 4037
={1+1+..+1(2018 times) }+f(1)=2018+E=T

16. (b) : According to the problem we have, f(a) = 0
and f(x) is differentiable at x = a

6f'(x)
lim log, (1+6f(x)) _y 1+6f(x) (By LH rule]
x—a 3f(x) x—a 3f’(x)
2
=~  [Si i h h (a,
1+ 6/@ [Since f(x) is passes through (a, 0)]
=2 [As fla) =

17. (b) : The total number of selections of two numbers
x and y from the numbers 0 to 10 = 11 x 11 = 121
Now, |x - y| > 5

The pairs of value (x, y) are

(0, 6), (0, 7), (0, 8), (0, 9), (0 10), (1, 7), (1, 8), (1, 9),
(1, 10), (2, 8), (2, 9), (2, 10), (3, 9), (3, 10), (4, 10),
(6, 0), (7, 0), (8, 0), (9, 0), (10, 0), (7, 1), (8, 1), (8, 2),
(9, 1), (9, 2), (9, 3), (10, 1), (10, 2), (10, 3), (10, 4)

So, there are 30 pairs of values of x and y.

Hence, the required probability = %

18. (c) : Let us define the events as
E; : Jockey B rides horse A
E, : Jockey C rides horse A
E : The horse A wins

~ P(E)= 3 [Slnce odds in favour of E; are 2 : 1]

and P(E|E)) =%

2 1
Again P(E2)=1—P(E1)=1—§:g

1
and P(E|E,)=3P(E|E,)= >

Now, the required probability = P(E)
=P(E, N E) + P(E, N E)
= P(E,) P(E|E;) + P(E,) P(E|E,)
21 11 s

36 32 18
Therefore the odds against winning of A are 13 : 5.
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19. (b) : Clearly x should lie in [—E,E] and y in
2 2

[0, m] in order to get the integer value of
sin”!(sinx) + cos_l(cosy).
= x=landy=1,2,3

Required probability = s

20. (a) : Let us define the events in the following way :
A : 4 being the minimum number
B : 8 being the maximum number
A M B : 4 being the minimum number and
8 being the maximum number

6
C 1
Therefore P(A)= —2 = 15
0(;3 120
7 3
C 21 C
P(B)=—%="— and P(ANB)=——> R
C3 120 10C3 120

The required probability,
P(A U B) =P(A) + P(B) - P(A N B)

15 21 3 33 11
120 120 120 120 40

21. (d) : We are given that P, =ap”, n>1

and By =1—op(l+p+p* +....).

Now let us define the events in the following way :

Ej = There are j children in the family,j =0, 1, 2, ..., n

A = there are exactly k boys in the family

We have, P(E})=P;=op/; j=0,1,2,...n

IC
and P(A|E-)=—].k, ik
2

Now, A= U(AmE) = P(A)= P{G(AmEj)]
]—1 j=1

P(a)=Y P(ANE))= ¥ P(E))P(A|E;)
j=k j=k

e P
= (xp] _C_k =(xz (BJ/]CK
j=k 2/ j=k 2

© » k+r p k o it p r
= rc = = = rC L
°2 (2) a(z) P (2)

22. (b) : Here n = 100, mean = 50, median = 52

1100 100
X=—Y x=50 = Y x =5000
mi=1 i=1
100
Now corrected Y, x; =5000—100+110=5010
i=1
1'% 5010
Corrected mean = —2 x; =——=50.10
100 57 100

As median is positional average therefore it will remain
same.



23. (c) : From the given information, we may write a
relation y = x + 20, between the two sets of data.
[where x denotes the old values and y denotes the
new values]

So, standard deviation of x= \/E

Let y; = x; + 20 where i =1, 2, ..., 11

. J=%+20

111 _ 111 .
= Y-y =-2-%’
Mz Mz

1 11 _ 1 11 _

= \/—zm -7 =\/—z<xl~ - =10
mi=1 Mi=1

Thus the standard deviation of y is /10 .

24. (c) : Total distance covered = 4 x 100 = 400 miles
100 100 100 100 25
—+—+—+—=""hours
100 200 300 400 12

Total distance covered

Total time taken =

Average speed =
Total time taken

400
=—x12= 192 mph

25
25. (a) : We have n =100, x; =15,6; =3,
n=m +n, =250,x =15.6 and 6 =+/13.44

We have to find o,.
Now, n, = 250 - 100 = 150

_omX +nX
We know that, X=LHQ2
n +n,
100X15+150XX,  _
= 15.6= = X, =16
250

Hence d, =X, —x=15-15.6=-0.6
andd, =%, ~x=16-15.6=0.4
The variance 6° of the combined group is given by
the formula
(m +1))0” =n (0] +di)+ny(05 +d3)
= 250%13.44=100(9+0.36)+150(c5 +0.16)
= 1500% =250x13.44-100%9.36-150x0.16 =2400

o2 =240 s =l6=4
27 150 2

26. (a) : Let xq, x5, ..., x, be the given sample of n
observations. Their variance 6 is given by
2
12 o 1 T
P ==Y -F =+ E ) -,
M= n n2

where T = x; + x, + ... + X,
Let 6, be the corrected variance, if the wrong
observation x;, is replaced by the corrected value x".
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Then

”2 2

12
o =;(x1 +x2+...+xn)—{—

n

Adjustment to the variance to correct error is

L., 1 ,
Gf —o? =;{xl2 —xlz}——z{(T—x1 +x1)2 -T%)
n

1 ’ ’ 1 ’ ’
n

x| —x +2T
n

1
=—(x1’—x1)(xl’+x1 -
n

27. (b) : The xy-plane divides the line segment joining
the points (-1, 3, 4) and (2, -5, 6) in the ratio -4 : 6
i.e. 2 : 3 externally.

28. (c) : It can easily be seen that AB=BC = CD = DA
= 7. So, ABCD is a rhombus or square.

Also, AC = 122 ; BD = /74

Diagonals are not equal
ABCD is a rhombus

29. (¢) : The coordinates of A, B, C are
A(l, -m, n), B(l, m, -n), and C(-l, m, n)

AB® +BC* +CA? _ 4(m? +n%)+4(1% +n*)+4(1* +m?)

P+ +n?

P+m® +n
=8
30. (b) : We have, c = AB =13, b = AC = 5 and

a=BC=+122

VP +c*—a>  25+169-122 36
2bc 2x5x13 65

2
COSA =

Just don't let him go
off on a tangent.
He goes on forever.




YU ASK
WE ANSWER

Do you have a question that you just can't get answered?

Use the vast expertise of our MTG team to get to the bottom
of the question. From the serious to the silly, the controversial
to the trivial, the team will tackle the questions, easy and tough.

The best questions and their solutions will be printed in this
column each month.

1. Solve for real x:

4% _ 3(x— 1/2) — 3(x+ 1/2) _ 2(2x— 1)

(Rahul Ganguly, Kolkata)

3X 4X

__:3x.\/___

V3 2
= 4"(l+l)—3"(\/§+i)
2 V3

3 3+1 4* 8

= 4= [=3F—F=| >2—=—¢

(2) (ﬁ) NG

(4)36 (4)3/2 3 3
= —| == >x——=0 =>x=—.
3 3 2 2

Ans. We have, 4*

2. If S, represents the sum of the product of the first
n natural numbers taken two at a time, then show

that —+....+—2L+. ... oo:&'
! n! 24
(Pooja Shukla, Bihar)
Ans. We have
(Zn)? =Zn* + 28,
2 2
ien 5 = LEnp 5= l[n (n+1? n(n+l)(2n+l)]
2 2 4 6
10D 1) - 224 1)) = ”("—:1)[3;12 “n-2]
_nn+1)(n-1)(3n+2)
24
Now, L.H.S. of the given expression is
=3 Sn
Z’z (n+1)!
where S, _ nn+1)(n-1)(3n+2) _ 3n+2
(n+1)! 24(n+1)! 24(n—2)!
_3m-2+8_ 11
24(n-2)! 8(n-3)! 3(n-2)!

Hence, we have

loo
L.H.S.== =
nz3(n 3)! 3;122(11 2)!
—(1+1)e—&=R.H.S.
8 3 24

3. Evaluate the definite integral
. 2 2
[ sin (e + [ cos™ (W)t
(Saaransh Gupta, U.P.)
Ans. We have

1= [ sin™ (Jo)de + [ cos™ (i)t
Jt
21—t

dt +[t cos™ (O

+J'0COSZX \/; dt
21—t
\/7 dt + x cos® x+_|'COS * \/;

=xsin® x + —

s’ x2\/1—t 21—t
COS X \/Z
21—t

Putting ¢ = sin? 6 and dt = 2 sin 6 cos 0 d6, we have

Jt

=[tsin” (\/—)]Sln * —jsm *

dt

dt

= x(sin’® x + cos x)+j

Sll"l X

sin©
———dt = | ——=5sin0cos0 dO
szl—t J‘\ll—sinze
—_[sm 046 = _[1 coszed9 _g_sn;ze

2

Also, when t = sin? x, then 8 = x and when t = cos? x,

then 9=E—
2

0 sin206 e
Hence we have I =x+ 274

. . P P
- T x sin2x) (x sin2x)_ T T
2 4 4 4
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0124-6601200 for further assistance.
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MAP LIMITS DERIVATIVES MAP

Some Standard Limits Definition Rate of Change of Quantities Increasing and
gt - . - I Limit of a function y = f(x) existsiff L.LH.L=R.H.L. = f(a) Decreasing Functions
C JICILI; —a =na""", n being a positive integer where LHL = lim f(x) means limit approaching dy |
. : o o Lety=f(x)then = orf’(x)d h f ch
o limIX_; ® lim —sm(x —a) =1 ® Jimcosx=1 @ curve at x = a to the left of a and RH.L = lim f(x) =t dbx or f(x) denotes the rate of change : .
R Jm— p . s . . dy Increasing Function
" | means limit approaching curve at x = g to the right of y w.r.t. x and its value at x = a is denoted as a
o lim 0¥ _4 S tan(x—a)zl . liml_cosxzo of . x=a without Ifx; <x,= fx)) < fx) V x5
x=0 X x—a X—a x=0 X | q I 4 I Increasing derivative test x, € (a, b)
| Marginal Cost and Marginal Revenue Function |yith derivative
Limit of a Limit of a function at an . . . If f(x) 2 0 for each x € (a, b)
Limits of Trigonometric Functions | function at a interval ® Let Cbe the total cost of producing and marketlngd 3& units test
. . . £ duct, ; i == ithout If = 5
Let fand g be two real valued functions with the same domain such : . point . Let f: R R be a function of a product, then marginal cost (MC), is MC dx Strictly :lﬂ - <% =fl) <fx)V %
@ Limit of a function and a € R, then we say that o The rate of ch  total ith o th Increasing erivative test x, € (a, b)
that f(x) < g(x) for all x in the domain of fand g. For some a, if both | at x = a is the value ,1}1? F)=1if | f(x)-1|—0 change of total revenue wi res;;c o the B S ith derivative o . ) .
lim f(x) and lim g(x) exist, then lim f(x)< lim g(x). of flx)atx=aie, ‘ ) quantity sold is the marginal revenue, MR = —. test f(x) >0 for each x € (a, b)
x—a x—)ag x—a x—>ag | li as |x - a| — 0, where [ is § dx
Sandwich Th L dhb | functi x;“if(x)' some real number.
an<w1c j heorefm .H et f, g an e real functions such that 1 EI'I’OI'S and Approximations Decreasing Function
flx) < g(x) < h(x) for all x € {dom f(x) N dom g(xx) N dom h(x)}. For I Evaluation of Limits by Series —— " . v
some real number 4, if lim f(x)=1I= lim h(x), then lim g(x)=1. - X ) V withow B =0 =) Y i
= = o Sometimes, )lgr; f(x) can be evaluated by using the Let y = f (x), Ax be the small change in x and Ay be the Decreasing | derivative test x,€ (a, b)
. . d Functi : sUati
: following series: . corresponding change in y. Then, Ay = d—i (Ax) S unction :::,lstth derivative Iff/(x) < 0 for each x € (4, b)
X
it ® =1+t —+—+.. . ,
Algebra of Limits I TRETRET 3 These small values Ax and Ay are called differentials. " s without Ifx, <%= f(r)>f(x) ¥ %,
x x x c . o ] . ictly e
Let lim £(x)=1, lim g(x)=m. Then I o a*=1+(na) - +(Ina)? - +(Ina)’ = . (i) Absolute Error : Ax N (ii) Relative Error : 7 Decreasing derivative test x,€ (a, b)
o o ! ! ! : ith derivati
2 B Xt (iii) Percentage Error : [ — X100 Function |With derivative If f/(x) < 0 for each x € (a, b)
o lim(f(x)*gx)=I+m ® lim kf(x)=kI o ln(l+x)=x—7+?—j+...,—l<x<l X test
x—a x—a
. _ . flx) 1 . x X x X e .
° lim f(x)g(x)=Im . i‘iﬁ@‘%’mio I R T Maxima And Minima
. . D 2 4 6 . » .
° igr; | f(x)|=]1] ° ilgluf(x)g( ) =] : o cosx=1-Z %_% They exist at critical points only.
o lime/®=¢ ® lim(nf(x))=InLI>0 3o, \ 4 \ 4 \ 4
x—a x—a | o tanx=x+"—+—x"+.. o : : . .
I Critical Points Global Max., Global Min. Local Maxima And Local Minima
2
x° x ;
" Hosoital's Rul | e xcotx= 1—?—4—5 = soxa 1. flx) doesn’t exist Global Max. : Max. value of f(x) in Local Maxima : At x =4
ospital’s Rule 2 s 2. {x) docsnt exist ey, fla-h) < fla)>fla+h)(h—0)
4 . . . it o -
Let fla) = 0, g(a) = 0 and f(x), g(x) are differentiable functions with I O sEex= 1+7+ 21" +e.. Global Min. : Least value of f(x) in Local Minima : Atx=a
_ 3. f(x)=0 domain. fla-h)>fla) <fla+h) (h— 0)
derivatives f'(x), ¢ (x), then lim f&) lim fx)=f@) @ X cosec X = 1+—2+ z+
x—a g(x) x—a g(x)—g(a) ° 6 360 I l l
f@)-f@) |y fX=f@) o vl 1x 13x 135« o . o
PR L R el R f'@a) S X 2 3 " 245 " 246 7 e First derivative test 1. Find t}?eecr(())l(l)?s (?fr}‘f?;;vf tOest Higher order derivative test
xsa gx)—gla) . gx)—gla) ¢'(a) ~ P N 1. x = ais local max. if f’(a) = 0 and ) ) N L. If f”(a) = 0 check f”(x) at x = a
lim g ® tan 'x= * X 2. Suppose x = a is one of the roots 1r . :
x—a x—a X—a SUSSS x—?+?—7+... f’(x) changes from +ve to -ve. ) ) o C If f”(a) = 0, neither max. nor min.
or lim f(x) _ f(a) _ f7(a) if f'(a) = g'(a) =0 and s0 on. ( o 2 ) 2. x = ais local min. if f’(a) = 0 and R A tbose p01tnts,_1ff (x?f< 0= f(x) is 2. f”(a) = 0 repeat process considering
ag() g@ g o (4o 2 f/x) changes from —ve to +ve. maximum at x = a or i £/ as g(x).
f”(x) > 0 = f(x) is minimum at x = a.



MATH

dIFCNIVeES

Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of
JEE Main & Advanced Syllabus. This section is basically aimed at providing an extra insight and knowledge to the
candidates preparing for JEE Main & Advanced. In every issue of MT, challenging problems are offered with detailed
solution. The reader’s comments and suggestions regarding the problems and solutions offered are always welcome.

1. If A is a square matrix such that
4 00 Gicadid)
A(adjA)=|0 4 0] ,then [adj(adjd)| is equal to

|adjA|
0 0
(a) 256  (b) 64 (c) 32 (d) 16

2. If two distinct chords of a parabola y2 = 4ax,

passing through (a4, 2a) are bisected by the line

x + y = 1, then length of latus rectum can be

(a) 2 (b) 4 () 5 (d) 6

3. The vectors
@+a’l)i+(am+a'm’)j +an+a'n’)k,
GI+DT) i+ (bm+b'm’) j+ (on+b'n')k,
(cl+c'l')/i\+(cm+c’m’)/]\'+(cn+c’n')l/%

(a) form an equilateral triangle

(b) are coplanar (c) are collinear
(d) are mutually perpendicular

4, f(x):cosx—j(x—t)f(t)dt, then f”(x) + flx) is
equal to 0
(a) -cosx (b) -sinx

(0 [Gx-tft)dt

0

(d) zero

x, -1
5. If f(x)=Jtant tdt,x>0, then the value of
1
f(ez)—f(iz) is
e
(@) 0 (b) m/2 (c) (d) 2m

6. The number of solutions of the equation

tan_l( X )+tan_1( ! ] 3T belongi to th
— |=—, belonging to the

1—x2 x3 4 sine

interval (0, 1) is

(a) 0 b) 1 (c) 2 (d) infinite

7. Withrespecttoavariable pointonthelinex+y=2a,
chord of contact of the circle x? + y? = a? is drawn. If
it passes through a fixed point F, the chord of the circle
with F as mid point is

(a) parallel to the line x + y = 2a

(b) perpendicular to the line x + y = 2a

(c) makes angle 45° with the line x + y = 2a

(d) none of these

8. 'The area of the region bounded by the curves
ly+x]<1,ly-x|<1 and 3x? + 3y? = 1 is

(a) (1 - ngq. units (b) (2 - g)sq. units

(o) (3 - g)sq. units (d) none of these

9. Solution of the differential

Y Y L
dx  x (1+10gx+logy)2

equation

is
2
(a) (+(nxyy)="-+C
2
(b) xy(l+Inxy)= 7+C

(¢) xy(Q+Inxy)= §+C (d) none of these

By : Prof. Shyam Bhushan, Director, Narayana IIT Academy, Jamshedpur. Mob. : 09334870021
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10. P(t2,2t),t€ (0, 1] is any arbitrary point on y? = 4x.
‘Q’ is the foot of perpendicular drawn from focus ‘S’ to
the tangent drawn at P. Maximum area of triangle PQS is
(a) 1 sq. units (b) 2 sq. units
(c) 1/2 sq. units (d) 4 sq. units

1. (d):A(adjA) = |A|L,; Clearly |A| =4, n =3
Now, |adj(adjA)| = |A|"" - D* = 4% = 256
and [adjA| = |A|"~ 1 = 42 = 16.

|adj (adj A)| _ 256 _

|adjA| 16

2. (a) : Any point on the line x + y = 1 can be taken
as (1,1 -1)
Equation of chord with (¢, 1 - t) as mid point is

y(1 - 1t) - 2a(x + t) = (1 - t)* - 4at
It passes through (a, 2a) .. 2 -2t +2a?>-2a+1=0
This should have two distinct real roots so a> - a < 0
= 0 < a < 1=length of latus rectum < 4.

16

al+a’ll’ am+a’'m’ an+a’n’
3. (b): A=|bl+b’l" bm+b'm’ bu+b'n’
cd+cl" om+c'm’ cn+c'n’

a a 0 (I I” 0

=b b

c ¢ O |n n O

O)x\m m” 0/=0

4. (a): f/(x)=—sinx—| xf (x)+ [ f(O)dt |+xf (x)
0

=—sinx— [ f(t)dt
0
f7(x) = —cosx — flx) = f”(x) + flx) = —cosx

X -1
5. (0): f(x)= j%t
1

1/x -1 X -1
N f(l)zj-tan tdt:_J-cot tdt

t t
1 1

w

2
6. (a):( xz)XLZ( 12)%>1
1-x X 1-x° Jx
a )-&-tan_l(i)
2 x3

= x=1.

7. (a) : Any point on the line x + y = 2a is (t, 2a - t)

Now equation of chord of contact is
xt+y(Qa-t)=a* or (x-y)t+2ay-a>=0

This passes through F %, % , now equation of chord
2
xa ya a
with F as mid point is xa ya_a
2 2 2

= x + y = a, clearly this is parallel to the line
x+y=2a.

8. b):ly+x<1Lly-x<1
together form a square of side

\/E units.

3x? + 3y? = 1 is a circle of

radius 1/~/3 units.
Now, area of circle = 7/3 sq. units.
and area of square = 2 sq. units.

Required area = (2—%) sq. units.

d 1
9. (a) : We have, _y+Z:—2
dx  x  (1+logxy)
xdx

1+ log(xy))2
= (1 + Ingy)z d(xy) = xdx
Integrating both sides, we get
2
j(1+logt)2dt = %—kC (Putting t = xy)
2
= (1+logt)2t—2j(1+logt)dt=%+C
2

= t(1+logt)® —2t—2(tlogt—t)="—+C

x> 2
= t(l+logt)2 —2tlogt=—+C
2 2 2

= t(1+(logt)2)=%+c :xy(nanxy)z):%m

= xdy+ydx=

10. (a) : Equation of PQ is yt = x + 12
Q=(0,1) > PQ=Nt*+* =tN1+£*

p
QS=v1+£ a
1 1 2
= APQS—EPQXQS—Et(1+t ) —ok S0 x
which is increasing function of ¢

(APQS) =1 sq. units.

max.

S ®
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OLYMPIAD

CORNER

D

Solve the simultaneous equations
X*(y+z)=1, Y (z+x)=8, Z2(x+y) =13

ABCD is a convex quadrilateral, and O is the
intersection of its diagonals. Suppose that the area
of the (nonconvex) pentagon ABOCD is equal to the
area of the triangle OBC. Let P and Q be the points
on BC such that OP || AB and OQ || DC. Prove that

[OAB] + [OCD] = 2[OPQ)], where [XYZ] denotes
the area of triangle XYZ.

In a television commercial some months ago, a
pizza restaurant announced a special sale on two
pizzas, in which each pizza could independently
contain up to five of the toppings the restaurant
had available (no topping at all is also an option).
In the commercial, a small boy declared that there
were a total of 1048576 different possibilities for the
two pizzas one could order. How many toppings are
available at the restaurant?

A fair coin is tossed repeatedly till it shows up heads
for the first time. Let n be the number of coin tosses
required for this. We then choose at random one of
the » integers 1 to n. Find the probability that the
chosen integer is 1.

Find an integer n > 1 so that there exist # consecutive
integer squares having an average of n°.

ABCDE is a convex pentagon in the plane. Through
each vertex draw a straight line which cuts the
pentagon into two parts of the same area. Prove that
for some vertex, the line through it must intersect
the “opposite side” of the pentagon. (Here the
opposite side to vertex A is the side CD, the opposite
side to B is DE, and so on).

ABC is a triangle which is not equilateral, with
circumcentre O and orthocentre H. Point K lies on

MATHEMATICS TODAY | OCTOBER'18

OH so that O is the midpoint of HK. AK meets BC
in X and Y, Z are the feet of the perpendiculars from
X onto the sides AC, AB respectively. Prove that AX,
BY, CZ are concurrent or parallel.

SOLUTIONS

1. More generally we can replace the constants 1, 8,
13 by a3, b3, ¢3, respectively. Then by addition of the
three equations and by multiplication of the three
equations, we respectively get

Yxty=a*+ b+

(xyz)? [2xyz + Xx?y] = (abc)3,

where the sums are symmetric over x, y, z. Hence,
28 + £2(a® + b? + ) = (abe)? (1)
where t = xyz. In terms of t, the original equations can
be rewritten as

1

o450
tz

RSN
Ix y z x ty =z x y
These latter homogeneous equations are consistent
since the eliminant is equation (1). Solving the last two
equations for y and z, we get

_ x(bie, - 1) _ x(byc; —2)

- o +1 - b +1
where b, = b3/t ¢ = c3/t. On substituting back in
x*(y + z) = a®, we obtain x> and then x, y, z.

20 A




Let [DOC] = u[AOD] and [BOA] = v[AOD].
Then, [BCO] = uv[AOD], and the condition of the
problem implies
l+u+v=uv

AD 1 BP
Furthermore, —=—-=— and —=—= .
O u PC OB v QB
Let BP = x, PQ = y and QC = z. Then since OP || AB
and OQ || DC

1 1
X =2 and 2 -
y+z u Xx+y v

(1)
DO _1_CQ

so z=ux-y and x=vz-y.
We may let y = 1, which implies x = v(ux - 1) - 1,

v+1
SO X =
uv—1
+1
Similarly, z = 4
uv—1

and thus by (1)

v+l+uv—Il+u+l 2uy

X+y+z= .
uv—1 u+v
Now [BPO] : [PQO] : [QCO] =x:y: z, and so
[0PQ] = —2— [BCO]
xX+y+z
= Y waop) = 2 (a0D)
2uvy 2
[DOC]+[BOA]

= ————, which implies the result.

2
3. If there are n toppings available at the restaurant
then there are

= (8] 5]+ 5] 3) () )

ways to have a single pizza, since you could have up to
five toppings (no toppings is a valid, although boring,
choice). For two pizzas, you could have two of the same

pizza (k ways) or two different pizzas ((’2‘) =k(k-1)/2

ways). Since the total number of possible combinations
of the two is given as 1048576, the following must be
true:

5$§2+k=w@ﬁ%

But this equation doesn't have any positive integer
solutions. It would seem that the restaurant in question
considers getting a pizza with bacon and cheese and
a pizza with mushrooms, cheese and green pepper
different from getting a pizza with mushrooms, cheese
and green pepper and a pizza with bacon and cheese;
i.e., the order in which the order is placed matters. This

seems silly to me, but so be it. In this case the equation
that must be solved is k? = 1048576 = 220, so k = 1024
=210 Now to find n we must solve

HEWRWEHTERE

By the symmetry of Pascal's triangle we get

) G- (ML)

so our equation (1) can also be written as

n n n n n n 10
+ + + + + =2".
n n—1 n—2 n-—3 n—4 n—>5

If we add these two together we get

N (SJ(S)@(O)

:2.210:211)

(1)

which is satisfied if n = 11, since

n

X(1) =2

=0
Thus the restaurant has 11 different toppings.

If the order in which the order is placed doesn't matter,
then the number of two-pizza orders is

k(k+1) 1024-1025

2
4. Define the random variable X to be the number of

tosses of a fair coin until a head first appears. Then X

=524800, not 1048576.

is a geometric random variable with

HX:n):(%T.

The probability that the integer 1 is chosen is given
by the formula
= 1 &(1)'1
px=m=-=Y[-| ==In2
2=, 2(2) "
To see the latter equality, write
aa—
flx) = Zx"—, -1<x<1.
n=1 h
. 1
Then, f’(x) = Zx" l=———
) 1-x
Therefore f{x) = -In | 1 - x|. In particular, f(1/2) = In 2.
The problem can be generalized to show that the

probability p(m) that any positive integer m is chosen
is given by the formula
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(L)L,
n=m 2 n
which is a nice way of showing that
Sw(1)'1
S3(5)
m=ln=m n
5. We seek positive integers k and », with n > 1, such
that

n* =12(k+i)2=1(2k2+2k2i+2i2)
2 n\ iz i=1 =1
_ l(nkz +kn(n+1)+g(n+1)(2n+l))
n

n+1)(2n+1 .
(n+1)@n+1) ()
Note that # is odd [since otherwise the fraction in (i)
is not an integer]
Complete the square in (i) by putting
k=a- n+1

2 bl
where k is an integer, then (i) becomes

2
= g2 n+1 +(n+1)(2n+1)
2 6

=k>+(n+ Dk +

e [-3(n + 1) + 2(2n + 1)]
12

(n+ D=1 _ +E
12 12

or 12a? = 11n? + 1. Putting n = a + ¢ this becomes

120 = 11a% + 22at + 11£2 + 1

or (a-118)%-1322=1.

With x = g — 11t and y = 2t one gets the Pell equation

x?-33y2=1. ..(ii)

The smallest positive integer solution is y = 4, x = 23,

which implies t = 2, a = 45, n = 47, k = 21, and thus

a solution to the problem is

22> +23% +...+68

47
From the theory of Pell equations (and putting x, = 23,
y, = 4), there are infinitely many positive integer
solutions (x;, ;) of (ii), given by
x; + )’,-\/5:(23+4\/§)",
or alternately by
X = 23x;,+ 433y, vy, =23y, + 4x,

:az

>

=472

The first four solutions and the corresponding values
of k and n are
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x y k n

23 4 21 47
1057 184 988 2161
48599 8460 45449 99359

2234497 388976 2089688 4568353

6. We denote the area of the polygon A}, A, ... A,
by [A, A, ... A,] and we put [ABCDE] = S. We assume
that the straight line through A which bisects the area
of the pentagon does not intersect the opposite side
CD.

1 1
Then either [ABC] = ES or [ADE] > ES.
We may assume without loss of generality that
1
[ABC] > ES (1)

Now we assume that the straight line through B which
bisects the area of the pentagon does not intersect

1
the opposite side DE. Then either [BAE] > ES or
1
[BCD] > —S.
2 1
Case 1. [BAE] > ES' ...(2)
1
From (1) we get that [ADE] < [ACDE] < > S and from

1
(2) we get [BCD] < [BCDE] < > S. Therefore the line

through D which bisects the area of the pentagon must
intersect the opposite side AB.
A
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1
Case 2. [BCD] > ES' ...(3)
1
From (1) we get [ECD] < [ACDE] < ES and [EAB]

1
< [EABD] < > S. Therefore the line through E which

bisects the area of the pentagon must intersect the
opposite side BC.

C

7. Let D € BC be the foot of the altitude from A
and let M be the midpoint of BC, N the midpoint
of AH. Since NH is equal and parallel to OM.
NO || HM. Since O and N are midpoints of two
sides of AHKA, NO || AK and so NO || AX. Thus
AX || NO || HM so that AADX ~ AHDM and therefore,
AD : DX = HD : DM (1)
We now require four facts about triangles with
circumradius R, sides a, b, ¢ and angles o, B3, y :

HD = 2R cos B cos ¥, DM = R sin(f} - y), c = 2R sin v,
AD = ¢ sin B = 2R sin ¥ sin .

These can be found or deduced from standard references.
Our ratio (1) is therefore

2R sin y sin B : DX = 2 cos B cos v : sin(p - v),
RsinPBsinysin( —v)

so that DX =
cosPcosy

Therefore,

MX =DX-Rsin (B-v)=Rsin(-7) (cosBCOSY

sinfsiny l)
Finally, after some trigonometry,
siny cos?y —sinf3 cos
MX =R ¥ oSy P cosP ...(2)
cosPcosy

Ceva's theorem says that if

AZ-BX-CY =Z7B- XC - YA, ..(3)
then the cevians AX, BY, CZ are concurrent or parallel,
which is our goal.

Setting d = MX, we find

1 1
AZ:c—(Ea+d)cosB,ZB=(5a+d)cosB,
1 1
BX=-a+d,XC=—-a-d,
2 2

CY=(%a—d) cosy, YA=0b- (%a—d) cos .

Substituting into (3) we find that Ceva's theorem applies
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if and only if
_ ccosy—bcosp goinycosy —sinfcosp
2cosP cosy cosPcosy ’
which agrees with (2) as desired.
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Synopsis and Chapterwise Practice questions for CBSE Exams as per the latest pattern and
marking scheme issued by CBSE for the academic session 2018-19.

Differential Equations

DIFFERENTIAL EQUATION

An equation containing an independent variable,
dependent variable and differential coefficients of
dependent variable with respect to independent variable
is called a differential equation.

Order : Order of a differential equation is defined as the
order of the highest order derivative of the dependent
variable with respect to the independent variable
involved in the given differential equation.

Degree : Degree of a differential equation, when it is
a polynomial equation in derivaties is defined as the
highest power (exponent) of the highest order derivative
involved in the given differential equation.

SOLUTION OF A DIFFERENTIAL EQUATION

A relation between the independent and dependent
variables free from derivatives satisfying the given
differential equation is called a solution of the given
differential equation.

General solution : The solution which contains as many
as arbitrary constants as the order of the differential
equation is called the general solution of the differential
equation.

Particular solution : Solution obtained by giving
particular values to the arbitrary constants in the general

54
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solution of a differential equation is called a particular
solution.

FORMATION OF A DIFFERENTIAL EQUATION

Formulating a differential equation from a given
equation representing a family of curves means finding
a differential equation whose solution is the given
equation. If an equation, representing a family of curves,
contains n arbitrary constants, then we differentiate the
given equation n times to obtain n more equations.
Using all these equations, we eliminate the constants.
The equation so obtained is the differential equation of
order n for the family of given curves.

METHODS OF SOLVING DIFFERENTIAL EQUATIONS

Variable Separable Method

dy &
dx  g(x)’
then the variables are separable and such equations can
be solved by integrating on both sides. The solution is
given by J. f(x)dx =j g(»)dy +C, where Cis an arbitrary
constant.

If the differential equation is in the form of

Equations reducible to variable separable : If the given

d
differential equation is of the form é = flax+ by + o),



puta x + by + ¢ = v and it will be reducible to variable
separable form.

Homogeneous differential equations

dy dx
dx = fix y) or dy

=g (x, y) is said to be homogeneous differential equation

A differential equation of the form

if f (x, y) and g(x, y) are homogeneous functions of
degree zero.

To solve homogeneous differential equation
)
dx f x/)
dy dv .
Put y = vx, then —~=v+x— and on substituting these
dx dx

d
values of y and ﬁ in the given differential equation it

will be reducible to variable separable form.

Linear Differential equation
Linear differential equation of first order is of the

form %+P(x)~y=Q(x); where P(x) and Q(x) are

functions of x only. To solve this type of equation, first
Pd.
find integrating factor (LE) = EJ *

y-(LE) = _[(I-F-) Q{x}dx as solution.
Sometimes, we get linear differential equation in the

and use the result

d
form as d—x+P(y)~x=Q(y), where P(y) and Q(y) are
y

functions of y only. In such cases find LE. = eJ P and
use the result x - (I.F.) = j(I.F.) Q(y) dy as solution.

VERY SHORT ANSWER TYPE
1. Write the order and degree of the differential
dy . (dy )
equation ——+sin| — |=0.
d dx dx
2. Form a differential equation of family of all circles
having centres on x-axis and radius unity.

3. Write the integrating factor of the differential
equation (1+ yz) +(2xy— coty)j—y =0.
X

X X

4. Solve the differential equation dy = M.
dx XCOS y

5. Find the order of the differential equation of the

family of curves y = a sin (bx + ¢), a and ¢ being

parameters.

10.

11.

12.

13.

14.

15.

16.

17.

SHORT ANSWER TYPE
Show that y = a cos (log x) + b sin (log x) is a solution

2
24y Y
dx? dx
Find the particular solution of the differential

equation Z—y =1+x+y+xy, given that y = 0 when
x

of the differential equation x +y=0.

x=1

A spherical rain drop evaporates at a rate
proportional to its surface area. Form a differential
equation involving the rate of change of the radius
of the rain drop.

Form the differential equation of the family of
ellipses having foci on y-axis and centre at the
origin.

Find the particular solution of the differential

dy y

equation x—-+
dx logx

=1, given that y(1) = 1.

LONG ANSWER TYPE - |

dy

If y(t) is a solution of (1 + t) il ty = 1 and

(0) = -1, then show that (1) = —%.
Find the particular solution of the differential
equation y —x—"=a| y*+x" ,whenx=a,y=a.

Find the equation of the curve passing through
the point (1, -1) whose differential equation is

dy
xya =(x+2) (y+2).

Find the particular solution of the differential
equation (x — y) (dx + dy) = dx - dy, given that
y=-1whenx=0.

Find the equation of the curve passing through
the point (0, m/4) whose differential equation is
sin x cos y dx + cos x sin y dy = 0.

LONG ANSWER TYPE - II

Find the general solution of the following differential
equation: (1 + %) + (x—etanily)d—y =0.

Show that the differential equatio(flx

[x sin? (%) - y] dx + xdy = 0 is homogeneous. Find
the particular solution of this differential equation,

given that y =g when x = 1.
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18. Find the particular solution of the differential

) dy  x(2logx+1) o
equation ——=—————— given that y=—
dx siny+ycosy 2
when x = 1.
19. Solve : dy = 1

dx  sin*x+cos?x

20. Solve : y{xcos(z)+ysin(l)}dx—
x x
x{ysin( )—xcos(l)}dyzo
x

dy

x
given differential equation is 1. Equation cannot be

R =

1. Highest order derivative is ——. Hence, order of

written as a polynomial in derivatives. Hence, degree is
not defined.

2. The equation of a circle having centre on x-axis, say
at (a, 0), and radius unity is (x - a)? + (y - 0)2 = 12
ie,(x-aP+y*=1, (1)
where a is arbitrary real number

Differentiating (i) w.r.t. x, we get

dy

2(x-a)-1+2y d_:0 = x—az—ydy
x

dx
Substituting this value of (x- a) in (i), we get
dy

2
¥ (EJ + y?> = 1, which is the required differential

equation.

3. We have, (1+y2)+(2xy—coty)j—y=0
X

= (2xy—c0ty)%=—(1+y2)
d_x__ 2xy +coty . d_x+ 2y x_coty
dy 1+y2 1+y2 dy l+y2 1+y2
25 :
2
Now, integrating factor =e Wyt sl oy yz.

X X
4. Wehaye & _X¢ logxte”
dx XCOS y
= jcosy dyzjex(logx+l)dx
x

= sin y = e*log x + C is the required solution.

[+ [eX1f o)+ f/(0ldx =€ f(x)+C]
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5. The equation of the family of curves is

y=asin (bx + c) ..(i)
Since, it contains two arbitrary constants. So, we
differentiate it two times to get a differential equation
of second order.

6. We have, y = a cos (log x) + b sin (log x) (i)
Differentiating (i) with respect to x, we get

d_y _ —asin(log x) N beos(log x)

dx x x

= xj—y =—asin(logx)+bcos(log x)
x

..(ii)

Differentiating (ii) with respect to x, we get

xdz_)’+ dy _acos(logx) bsin(logx)

dx?  dx X X
2
= x* Z_)zl + x;l—y =—[acos(logx)+bsin(log x)]
X X
d* d
= x d_}; + xd—y +y =0, is the differential equation.
X X

Hence, y = a cos (log x) + b sin (log x) is a solution of the
given differential equation.

d
7. 'The given equation is d_y =l+x+y+xy
x

dy dy
= —=1+x)1+y) = ——=0+x)dx
=0y =
Integrating both sides, we get

dy B x* .
JE—J.(H-x)dx::z log|1+y|—x+7+C ()
Given y =0, when x = 1

*. From (i), log|1+0|=1+%+C = C:—%

Substituting the value of Cin (i), we get
2

3
log|l+y|=x+ x? -5 which is the required solution.

8. Let r denote the radius of the rain drop after ¢
seconds, since the radius of the rain drop is decreasing
as t increases, the rate of change of r is negative.

Let V be the volume of the rain drop and S be its surface
area at time ¢ seconds.

4
. V=§1'cr3and8=4nr2

According to question, we have



where k is some +ve real number

= én:ﬂ 2 dr Z=—kd4nr® = ﬂz—k,
t d

which is the required differential equation.

9. The equation of the family of ellipses having centre
at the origin and foci on y-axis is

2 2
Yy _ .
a—2+b—2—1, where b>a (1)
Diﬂerentiating (i) with respect to x, we get
b
= —+=-—==0 i
a2 b2 dx .(ii)
Differentiating (ii) with respect to x, we get
2 2
L2+L2(d_y) +lz(d_§]=o ... (i)
a® b*\dx b* \dx

Solving (ii) and (iii), we get

2 2
d dy d
x(ﬁ) +xy—= P yd—y =0, which is the required
differential equation.
1
10. The given equation is d_y+ D S
x  xlogx x
1

= e
Now, LE.=¢ *1o8%  — plogllog™l _| o x|

Solution is, log x-y = Jl gX|d

+C ..(i)
- From (i), C=0

= logxy:—(l()glzx')

Given whenx=1,y=1

1
Hence, y = Elog | x|, is the required particular solution.

d
11. The given equation is (1+ t)d—)t/ —ty=1
@yt 1

dt 1+ty_1+t

(L —f(l—i)dt
Now, LLF.=e¢ "1+ =p¢ 1+

:e—t+10g(l+t) :e—t 'elog(l+t)

=(1+t)e”

Hence the solution is

1
1+t - y=|A+t)-e" - ——dt = |e'dt
(+0e - y=[a+1) - |

y=—'+C = (1+t)y=—1+C-¢" ..(i)
Given, whent =0, y = -1

From (i),-1=-1+C=C=0

(i) becomes (1 + t)y = -1

= (1+t)e!

Further, when t =1, we have, (1 + 1)y =-1= y(1) =—%.

Joint Entrance Examination
(Main) 2019

The JEE (Main)-2019 will be conducted by National Testing Agency
(NTA) twice before admissions in the next academic session. The

NTA will conduct the first JEE (Main)-January 2019 for admission to
Undergraduate Programs in NITs, IliTs and other Centrally Funded
Technical Institutions etc. on the weekends (Saturdays / Sundays) during
6th January 2019 to 20t January 2019. The test details are
given below:

Paper Subjects Mode of Timing of
Examination Examination
First |Second
Shift | Shift
Paper-1 Mathematics, | “Computer Based | 09.30 | 02.30
(For B.E./B. | Physics & Test (CBT)" mode | a.m.to | p.m.to
Tech.) Chemistry only 12.30 | 05.30
p.m. p.m.
Paper - 2 Mathematics | “Computer Based
(For B. Arch/ | Part | Test (CBT)" mode
B.Planning) | Aptitude Test | only
(to be Part Il
attempted Will be heldin one
in one Drawing Test | “Pen & Paper shift only
sitting) Part Il Based” (offline)
mode to be
attempted on
Drawing sheet

The exact date and shift allotted to candidates for JEE (Main) - January
2019 shall be displayed by the 5t October 2018 on the NTA websites
viz. www.nta.ac.in and www.jeemain.nic.in.

A candidate may appear in Paper 1 and/or Paper 2 depending upon
the course he/she wishes to pursue. All the candidates aspiring to take
admission to the undergraduate programs at IITs for the year 2019 will
have to appear in the Paper-1(B. E./B.Tech.) of JEE (Main)-2019. Based on
the performance in Paper-1 (B. E. /B. Tech.) of JEE (Main)-2019, a number
of top candidates as per the requirement of JEE (Advanced) (including all
categories) will be eligible to appear in JEE (Advanced)-2019.

Similarly, the second JEE (Main) - April 2019 will be conducted between
6th April 2019 to 20t April 2019 for which a separate notice will
be issued later on and the candidates will be required to apply separately.

However, candidates are not required to compulsorily appear in both the
tests i.e. JEE (Main) - January 2019 and JEE (Main) - April 2019. In case,
a candidate appears in both the tests, the better of the two scores will be
used for the admissions and eligibility for JEE (Advanced)-2019.

Candidates who desire to appear in the JEE (Main) - January 2019
may see the detailed Information Bulletin for JEE (Main) -
January 2019 which is available on the website www.nta.ac.in and
www.jeemain.nic.in w.e.f. 15t September 2018.
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12. The given differential equation can be written as

y—ay2=(x+ax2)d—y=> 4 = dx
dx y(d-ay) x(1+ax)
J- dy _J- dx
y(1—-ay) x(1+ax)
J-(l ay)+ay (14+ax)—ax
y(1—ay) x(1+ax)
1
= j;dy+ajl aydy_'[ dx — a'[1+axdx
— log|y|+a-leog|x|—a-M+C
—-a a

= log|y| - log|1 - ay| =log|x| - log|1 + ax| + C  ...(i)
Given, whenx=a,y=a
= loga-log|l-a? =loga-log(l+a®+C

1
= C=log i

1-a®

Substituting the value of Cin (i), we get

2
log|y| - log|1 - ay| = log |x| - log|1 + ax| + log I+a
—a
2
= log|—2—|=log L‘Z)z
1—ay (1+ax)(1—a”)
= y(1 +ax)(1 - a?) = x(1 + a®)(1 - ay), is the required
solution.
. dy .
13. Given xyd— =(x+2)(y+2) ..(1)
= —dy— 2dx,y¢—2,x;t0
y+2 X

= (1——)dy=(1+%)dx
y+2 x

Integrating both sides, we get
y-2logly+2|=x+2logl|x| +C (i)
Now, we have when x=1, y = -1.
From (ii), wehave -1 -2logl1=1+2logl1 + C
= C=-
Substituting the value of C in (ii), the equation of the
required curve is y - 2 log |y + 2| = x + 2 log |x| -
14. Given (x - y) (dx + dy) = dx - dy
= (x-y-Ddx+(x-y+1)dy=0
@ xmy-l_ -
dx x—y+1
dy _dv - dy dv

Putx-y=v=1-—+= =1-—
dx dx dx dx

MATHEMATICS TODAY | OCTOBER'18

(58

dv v-1 dv v-1_2v
-t —=0=—=1+—=—

dx v+l dx v+l v+l
= —v+1dv dez( +l)dv=2dx

v v
On integrating both sides, we get
v+log|v|=2x+c=>x-y+log|x-y|=2x+C
= log|x-y|=x+y+C (i)
Now whenx =0, y=-1
= logl=0-1+C=C=1.

Substituting the value of C in (ii), we get
log |x - y| = x + y + 1, which is the required particular
solution.

15. We have, sin x cos y dx + cosxsin ydy =0

tanxdx+tanydy=0= jtanx dx+Jtany dy=0
- log |cos x| - log |cos y| =log C
- log (|cos x| |cos y|) =log C

log |cos x cos y|

| - (2)
COS X COS = —
N=1\c

cos x cos y = C; where C, =

=log

L 0 uil

£ 0
o ¢
It is given that the curve passes through (0, /4).

1

A

, we get

T
. cosOcosZ =C,=C =
Putting C, = T

1 1
COSXCOS)/:T :>C08y=_ seC X
2 V2

1
= y=cos! (T sec x)is the required curve.
2

16. The given differential equation is,

(1+y )+( tan y)dy 0
= (x—e y)—=—(1+y2)
dx
_(x_etan_ly)_d_x d_x_ x etan_ly
- 1+ y* _dy:> dy 142 1+
J Y y
dx 1 ptan 'y
= —+ 7 X= 3
dy 1+y I+y
—d
. IF_eJ-Hy etan_ly

So, the required solution is,



_ _ tan™! y 2tan”! y
etanlyxzjetan1y~e > dy=_’.e —dy
1+ 1+
y y
-1 _ 1
= " yxz'[e%dt Let tan' y=t = > dy=dt
1+y
2
=% ic
2

-1 1 -1 1 -1 |
N etan yxZEeZtan y+C:>x=Eetan Y +Ce tan "y

17. The given equation is,

[xsin2 (Z)—y]dx+x dy=0
x

d_}’: y—xsin2 (i})

(1)

y—Xxsin

R

Consider F(x, y) =

Ay — Axsin® (M) y— xsin’ (}/)
Now, F(Ax, Ay) = A ) _ X

Ax x

= F(Ax,Ay) = F(x, y)
Hence, function is homogeneous, so corresponding
differential equation is homogeneous.

dv

Let 24 v+x
= = — = _—
y=w dx dx

Now, from (i), we have

.2
dv  vx—xsin“v

V+x—= =y—sin’v
dx x
dv .2 dv dx
= x—=-sin"v = =
dx sin“v X

= Jcoseczvdv=—jd—x+c = —cotv=-log |x[ + C
X
= cot(z)—lo - ii
=log|x|-C (i)
X

T
It is given that y = E when x =1

cot(g):log|1|—c = C=-1

Substituting the value of C in (ii), we get

cot (%)= log | x|+1, which is the particular solution.

JEE Main 2019 merit list to be based on percentile scores

From 2019, a JEE-Main aspirant will first time have the choice of taking
the test twice (January and April cycles). The format will see the test
being conducted over a period of around 14 days in each cycle with
multiple sessions each day, a device that is intended to significantly reduce
the prospects of cheating and manipulation. Candidates will get different
sets of questions per session and though efforts will be made to maintain
equivalence among various question papers, the difficulty level of question
papers in different sessions may not exactly be same. However, the percentile
score of each session is based on the relative performance of students in that
particular shift. So the percentile scores of each session will be considered
at par.

The JEE (Main)-2019 will be conducted twice before admissions in the next
academic session.

The students will have following benefits of the new pattern:

What is the new way of ranking in chronological order

1. Each session will have its own NTA percentile score with the highest
scorer(s) as 100 percentile

2. A master NTA score will be prepared where all the sessions will be put
together for a final ranking

3. The top ranked candidate in the final ranking will be the 100 percentile

4. The tie-breaker between the 100 percentile scorers (or any percentile rank)

will be the highest percentile in Mathematics, Physics & Chemistry in that

order

If scores are tied even after this, the older person will be ranked higher

The same method will be applied to the Main 2 exam

A final merit list will be announced after Main 2

For those who take both cycles of the exam, the better percentile will count

in the final merit list.

© N o wn

e This will give one more opportunity to the students to improve their scores in examination if they fail to give their best in first attempt without wasting

their whole academic year.

e In first attempt, the students will get a first-hand experience of taking an examination and to know their mistakes which they can improve while

attempting for the second time.

e This will reduce chances of dropping a year and droppers would not have to waste a full year.
e If anyone missed the examination due to reasons beyond control, then he/she won't have to wait for one full year.
e The student’s best of the two NTA scores will be considered for preparation of Merit List/ Ranking.

Some candidates may end up attempting a relatively tougher set of questions and are likely to get lower marks. But to ensure a level playing field, ‘normalisation
procedure based on percentile score” will be used so that candidates are neither benefitted or disadvantaged due to the difficulty level of the examination.

The whole process is divided into three steps, distribution of examinees in the sessions randomly so that each session gets approximately equal number of
candidates, preparation of results for each session and finally compilation of the NTA score and preparation of the overall merit/rank list.

MATHEMATICS TODAY | OCTOBER'18 @



18. The given equation is & = M

dx siny+ycosy
= (siny+ ycosy)dy =x(2logx+1)dx
Integrating both sides, we get

j(siny+ycos y)dy = Ix(Zlogx+1)dx
= Jsiny dy+J.ycosydy =2Jx10gx dx+J.x dx

= Jsiny dy+ysiny—'[1-siny dy

2 2 2
x 1x X
=2|logx-—— ——dx:| —
|: & 2 J‘x 2 2
K2 i
= ysiny=x*logx—"—+-—+C
2 2
= ysiny=x*logx+C (i)
It is given that y=£,whenx=1
. T . T T
From (i), we have 551n5=1~10g1+C = C=5
Substituting the value of C in (i), we get

T
ysin y = x*logx+ > which is the required solution.

d 1
19. We have, d =
dx sin*x+cos* x

1
= dy==j—z——————z—'dx
sin® x +cos” x
Integrating both sides, we get
4

sec” x
jd J-sm x +cos* xdx - jdy dex
sec? x-sec’ xdx
de J. tan® x +1
B (1+tan” x)sec’ x
= de—J. tan® x +1 ax
= J.d —J.i:tzi dt, where t = tan x
LZ + 5
> [dy= j t1 dt = [dy=]—"L—adi
t2 t-% +2

o fay=[—P
formf

=y (4 Jre
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1
,wheret—;zu

1 -1
= y=—f=tan | —
R W
N _Ltan_l(tanx—cotx
TR U

required solution of the given differential equation.

)+C, which is the

20. The given differential equation can be written as

o ()
* sl 2

Putti = & v+xdv in (i) t
utting y = vx == — in (i), we ge
24 dx dx 8

dv  vx{xcosv+vxsinv}
y+x—= .
dx  x{vxsinv—xcosv}

_ v{cosv+vsinv}

{vsinv —cosv}

dv vcosv+v2 sinv—v?sinv+vcosv

e -
dx vsinv —cosv
_ 2vcosv
ysiny —cosv
cosv—vsiny
- —j— _zj

vCcosv

= -log|vcosv|=2log |x| + log C

= lo
g|vcosv|

1
vcosv

=C|«?

=log|x*|+logC
fsec(l)‘=|(]|xz
y x
= |xycos(y/x)|—m

= |xy cos (y/x)| = k, where k = 1/|C]|

Xy COS (Z )
x
solution.

U JAL ) Ul ANSWER KEY I

. b) 2. (b)) 3. ®) 4 () 5 (0
6. (d) 7. (be) 8 (ad) 9. (ab,cd)

10. (a,c) 11. (d) 12. (a,c) 13. (b,d) 14. (a)
15.(b) 16. (a) 17. (124) 18. (7) 19. (0)
20. (4)

Hence,

=k,x#0,k>0 is the required




his specially designed column enables students to self analyse

their extent of understanding of specified chapters. Give yourself
four marks for correct answer and deduct one mark for wrong answer.
Self check table given at the end will help you to check your

readiness.

Indefinite Integration

M PP- MONTHI-Y Class Xll

Practice Problems

Total Marks : 80
Only One Option Correct Type

1. If Izjd—x, then I equals to
3 2
xAx -1
1[vVx? -1 a5
(a) — +tan” Vx> -1 [+C
2 X
x* -1 a2
(b) = —+tan Vx -1 [+C
x
1 Vx* -1 a5
(c) = —+tan  Vx" -1 |+C
2 X
x* -1 o[ 2
(d = —+xtan x—1)+C
x
2
2. Let f(x)=J X dx and f(0) = 0, then
1+ x2)(1+V1+x?)
fl) =
(a) log(1++2) (®) log(1+v2)~7

(c) log(1+ \/5) +§ (d) None of these

xz(l—lnx)

3. | ————dx isequalto
J (In x)4 —x*

(a) lln(i)—lln(ln2 x—x2)+C

(b) lh{“““")—lt —l(h‘—x)w
4 \Inx+x/) 2 X

(c) lln(lnx-{_x)+ltan_l(ln—x)+c
4 Inx—x/) 2 X

) lln(ln"‘x)+ltan—1(h‘—x)+c
4 \Inx+x/) 2 X
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Time Taken : 60 Min.

4. For any natural number m,

J(xm + 224 ™ (2x™ +7x™ +14)Y™ dx,
where x > 0 equals
(7x7m + 2x2m +14x™ )(m+1)/m

(a) +C
14(m+1)

(b) (2x7m + 14x2m + 7xm)(m+1)/m ic
14(m+1)

(C) (2x7m + 7x2m +14x™ )(m+1)/m i
14(m+1)

(d) (7x7m +2x2m +x™ )(m+1)/m

+C
14(m+1)
t
If I= .[&dx(a >b), then I equals

Va+btan® x
1 a+btan’ x
(a) sin™ (, /— )+ C
\Nb—a b—a
2
) 1 cos”! fa+btan * e
b—a a
\ a
a

1 a+btan’® x

b_
()
‘ Jb—a b-
b_

1
(d) tan™* f +C
Jb—a an a+btan’® x

tan™ +C

1
_ x+2 f(x) — .
6. If f(x)——2x+3. The J{_} 2dx is equal to

2

1 {1+,/2f(x)}_\/§h{a/3f(x)+\/5
3

1-y2f(x) J3fx) =2

(a) g(x)= tan"! x, h(x) = log ||

(b) g(x) =log |x|, h(x) = tan"! x
(c) glx)=h(x)= tan"! x

(d) g(x) =log x|, h(x) = log |x|

}+ C, where



10.

11.

12.

13.

One or More Than One Option(s) Correct Type

If I= _[log(\/m + \/E)dx, then I equals

() [2x—(a+b)log(Wx—a+Jx=b)]+C

(b) 5 25~ (a+b)](log(b - a) - logx—a b))

—(%)«/(x—a)(x—b)+c

(c) %[Zx—(a-i—b)]log(\/x—a +Vx-b)
Jix—a)(x-b)+C

1
2
(d) None of these
If [sin™ xcos™ x dx = f'(x)x

[Ax—xf"l(x)—Z\/l—xz]+ A\/l—x2+2x+C, then

(@) f(x)=sinx (b) f(x)=cosx
(c) A=m/4 (d) A=m/2

3/ 2,6
IfJ)H\/:—+\/;dx=é%/x72+Btan_1§/;+C,
x(1+3x) 2

then
(a) A+B=9 (b) A=3
(c) B=6 (d B-A=3

If_[ xe’s"2 sindx*dx = Ke’S)62 (Asin4x® + Bcos4x*)+C,

then

(a) K=-1/82 (b) K=1/82
(c) A=5 (d) none of these
.3
If I=] sin (8/2) do, then I

cos(0/ 2)\/cos3 0+ cos’ 0+ cosO
equals

(a) cot™! (tan O + secB) + C

(b) cot!(cosB+sinB+1)+C

(c) tan™ (tang + secg +1 )+ C

(d) tan"! (cos O +secO+ 1)+ C

(2x—1)dx -1 f(x)]
If|l———=A =——~|[+C, th
'[x4—2x3+x+1 an |:\/5 i then
2
A:— b A:2
() N (b)

() f)=2x"-2x-1 (d) f(x)=2+"+2x+1

If [,/cosecx+1dx =kfog(x)+c, where k is a real

constant, then

(a) k=-2,f(x)= cot™! x, g (x) = \Jcosec x—1
(b) k=-2,f(x)= tan”! x, g (x) = \Jcosec x —1

(©) k=2,f(x) =tan"" x, g (x) = ——2*

!

cosec x—1

cotx

(d) k=2,f(x)=cot™ x, g (x) =

]

cosec x+1

Comprehension Type

If A is square matrix and e” is defined as ¢ = I + A

A A 1| f(x) g(x) X X
+—+—+..=— , where A=

21 31 4| g(x)  f(x) X X
and 0 < x < 1, I is an identity matrix.
g(x)
fx)

(a) log(e"+e™) +c¢
(c) log|e® -1 +¢

14. | dx is equal to

(b) logle*-e™| +¢
(d) None of these
15. _[(g(x)+1)sinxdx is equal to

X 2x
%(sinx—cosx) (b) ‘

(a) s (2sinx —cos x)

X

(c) %(sin 2x—cos2x) (d) None of these

Matrix Match Type
16. Match the following :

Column-I Column-II
P If | 2 dx=(logk)™" sin™ L. 0
1-4*
(f(x)) + C, then k is greater than
5 k
Q Kf%dx=aln ; +c, 2. 1
(\/;) +x x"+1
then ak is less than
xt+1
R 1 [~ ay= .03
x(x”+1)
m .
kin|x|+——+n, where n is
1+x

the constant of integration, then

mk is greater than
S. If | A 4. 4

5+4cosx
ktan™ (mtan§)+ C, then k/m
is greater than

Contd. on page no. 83
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PROBLEMS i 4
Vectors and 3D Geometry é _ g

1. A plane intersects a tetrahedron ABCD and
divides the medians of the triangles DAB, DBC and
DCA through D in ratios 1:3,1:4 and 1 : 5 from D
respectively. The ratio of the volumes of the two parts of
the tetrahedron cut by the plane is

13 4 2 1
(a)

" O © 5 @ 4

2. Let ABCD be a tetrahedron and let E, F, G, H, K,
L be points lying on the edges AB, BC, CA, DA, DB,
DC respectively. In such a way that AE - BE = BF - CF =
CG-AG=DH-AH = DK - BK = DL - CL, then the
points E, F, G, H, K, Llieon a

(a) cube (b) cone

(c) cylinder (d) sphere

3. Thevectors 4, b and ¢ satisfy 6X5=EXE=E><6=O,
then d+b+c=
(a) (b)
4. Given three vectors a, b, ¢ .

Define ii=(b-¢)d—(¢-@)b, v=(a-c)b—(a-b)c,
w=(b-d)c—(b-c)a. If 4, b,¢ form a triangle, then

—d b (0 ¢ (@ O

(a) u, ¥, w also form a similar triangle with 4, l;, c.
(b) 1, v, w also form a congruent triangle with 4, b, ¢.
(¢) u, ¥, w forms an isosceles triangle.

(d) #, v, w does not form a triangle.

5. Thevolume of a right triangular prism ABCA,B;C,
is equal to 3. Then the co-ordinates of the vertex Ay, if
the co-ordinates of the base vertices of the prism are
A(1,0,1), B(2,0,0) and C(0, 1, 0) is

(@) (-2,2,2)o0r(0,-2,1)

(b) (2,2,2)or(0,-2,0)

(¢) (0,2,0)o0r(1,-2,0)

(d) (3,-2,0)or(1,-2,0)

6. If G,band¢ are three unit vectors such that

d+b+¢ isalsoaunit vector and 8, 6, and 0 are angles

between the vectors @,b;b,¢ and ¢,d, respectively, then
among 6y, 6, and 65

(a) all are acute angles (b) all are right angles

(c) at least one is obtuse angle

(d) none of these

7. A, B, Care the points on x, y and z axes respectively
in a three dimensional co-ordinate system with O as
origin. Suppose the area of triangles OAB, OBC and
OCA are 4, 12 and 6 respectively, then the area of the
triangle ABC equals

(a) 16 (b) 14 (c) 28 (d) 32

8. Three straight lines mutually perpendicular to each
other meet at a point P and one of them intersects the
x-axis and another intersects the y-axis, while the third
line passes through a fixed point (0, 0, ¢) on the z-axis,
then the locus of P is

(a) x2+y2+zz—2cx=0
(b) x2+y2+zz—2cy=0
(c) x2+y2+22—262=0

(d) x2+y2+zz—2c(x+y+z)=0

9. Let ABCD be a tetrahedron in which position
vectors of A, B, C and D are f+}+l€, 22+}+2]€,
3f+2}+12, and 2i +3j+ 2k . If ABC be the base of
tetrahedron, then height of tetrahedron is

3 3 242 1
(a) \g (b) \/; () 5 (d) NE

10. Through a point P(h, k, I) a plane is drawn at right
angles to OP to meet the co-ordinate axes in A, Band C.
If OP = p, then the area of AABC is

PPhk Pl PP »
@ % ® g © 9 9 g
11. If @b and ¢ are three unit vectors equally inclined
to each other at an angle o.. Then the angle between a

5

and plane of b and ¢ is

By : Tapas Kr. Yogi, Visakhapatnam Mob : 09533632105
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cosot — cosot

(a) @=cos ! (b) @=sin"! o
COS— COS—

2 2

o .o

sin— SIn—

(c) O=cos 2| (d) 0=sin"'|—2
sin ot S o

12. If G and b are unit vectors and ¢ is a vector such
that E—axE+E then

(a) 2[dbcl=b-c—(a-b)>

(b) [d@bc]=0

(¢) Maximum value of [d b ¢l=

(d) Minimum value of [d b ¢] is

o[ =N

13. Let 7=(a xl;)sinx+(l; X ¢)cos y+2(c xd) where
If 7 is
then minimum value of

a b, ¢
perpendicular to d+b+¢,

are three noncoplanar vectors.

x*+y2is
(a) m (b) m/4
(c) 5m%/4 (d) none of these

14. In a quadrilateral ABCD, AC is the bisector of the
(AB-AD) which is 2m/3, 15|AC|=3|AB|=5|AD)|,
then cos(g;l-ﬁa) is

J14 V21 2y N
() 7\/—() —%(C) Nz (d) EvS

SOLUTIONS
1 (@:Le 2P, PQ_, DR_,
DA DB DC D
Let M be the midpoint, then /‘\ "
DL _1 P
DM 3
S ar(ADLP) _ DP-DL _x
® 4r(ADAM) DA-DM 3 4 J g
ar(ADLQ) _ DL-DQ ) B
ar(ADMB) DM-DB 3’
Since, ar(ADAM) = ar(ADMB) = %ar(ADAB)
DP-DQ  ar(ADPQ)
So, 2xy=2- =7
DA-DB —ar(ADAB)
_ar(ADPL)  ar(ADLQ) x+y
ar(ADAM) ar(ADMB) 3
1 1
So, —+—=6
x
4 1 1 1
Similarly, —+—=8and — +—=10
y z z X

1 1

Solving, x=—, y == z= g
V DP DQ-DR 1

So, DPQR _ Q =xyz=— and
Vpapc DA-DB-DC 48

so the required ratio is 1 : 47.

2. (d):Let S be the tetrahedron’s circumsphere with

radius R and centre O. Let P be the plane determined

by points A, B, O. The intersection between P and S

is a circle of radius R.

Now, using power of a point, to the point E, lying inside

the circle C, we have AE-BE = R? - OE?. Similarly,

BF-CF = R? - OF?, CG-AG = R? - OG?. Hence, by given

condition in question,
OE=0F=0G=0H=0K=0L

i.e. E, F, G, H, K, L lie on a sphere centred at O.

3. (d): @xb)—(bxc)=0 = bx(d+c)=0

So, b=Md+¢)

Similarly, ¢x(d+b)=0

= IX(@+Md+0)=0 = 1+M)(Exa)=0

= A=-1 so, E:—(a’+E) ie., G+b+c=0

4. (a):Clearly @i+V+w=0.

Hence, i, ¥, w form a triangle.

Now, consider #-¢=(b-¢)(@-¢)—(¢-a)(b-¢)=0

i.e., i and ¢ are orthogonal. Similarly, ¥ is orthogonal

to d@ and # to b. Hence the sides of the triangle formed

with i, ¥, w are perpendicular to the sides of the

triangle formed with d, b, ¢. This shows that the two

triangles have equal angles and hence are similar.

5. (b):Volume = Area of base x height

= 3=%x\/§x\/§xh Ay(a, b, )

= h=\/g Bl Cl
(a7 = h* =6 Al@,0,1)
A P
AA;-BC=0 20,0 5 (01,0

Solving we get position vector of A; are (0, -2, 0) or
(2,2,2)

6. (c) :Since |ﬁ+5+5|=1

= (@+b+d)-(@a+b+é)=1= a-b+b-c+c-a=-1
= co0s0; + cosO, + cosO; = -1

So, at least one of cos0;, cosB, and cosO; must be
negative.

7. (b): [ABC]=[OABP +[OBCP +[0CAP,
where [ABC] = area of triangle ABC

8. (c):Let Ly, Ly, L3 be the mutually perpendicular
lines and P(xg, yo, 29) be their point of concurrence.

@
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If L cuts the x-axis at A(a, 0, 0), L, meets the y-axis 1 cosa
at B(0, b, 0) and C(0, 0, ¢) € Ls, then Ly || (xg - a, yo, 0= €08 ( )
z0)s Ly || (%0, yo — b, 2p) and L3 || (xg, yo» 20 — ©)-

Hence 12 Ec QEﬁa —#((ﬁi@a)tb) i=b-a
xo(xo — a) + yo(yo - b) + 2=0 bxii(_l?.c);a_.—(a-ba)-c )
X(% + (}’0 _ b))’o + ZO(ZO _ C) =0 [(JIE? (i]:b Ca—faa'b) ({Il C)
Xo(xo — @) + y5 + 29(29 - €) = 0 Also ¢-b=1-[abc]
Eliminating a and b from the above equations, we get .. Aibcl=1-(G-b)><1 .. [@abcl< 1
x§+y(2)+z(2)—2c20=0 - - 2
S e 13. (c) : 7=(a@xb)sinx+(b xc)cos y+2(c xa)
9. (c): ABXAC=—i+2j+k Also, 7-(G+b+¢)=0
Heih _‘AD~(ABXAC)‘_2\/E = [d@ b ¢](sinx+cos y+2)=0
eight = ‘A_B'XTC‘ 3 v [dbc]#0 = sinx+cosy=-2
This is possible only when sinx = -1 and cosy = -1
10. (d): Here OP=vI* +k*+> =p For x> + y* to be minimum x = -n/2and y = @
DRs of OP are o s o w51
h k ] orﬁ k i Minimum value of (x* + y) is I-Hc ZT
V2422 2 +i2+P N2 +i2+P P PP 14 (c):Given 15|AC|=3|AB| =5|AD|
Since OP is normal to the z S e
plane, therefore equation Let [AC[=2>0 c@
of plane is |E| -
hx+ky+ z=p 1D Lo 0)
- = B(b
»p . and |AD| =3\ e, (@ origin (
/ -
or hx+ k)/ + lZ P 5% Now, cos( BA CD)— BA CD = li.(i 6{.) ..(i)
e 2 |BA||CD| |bllc~d|
A(7>0>0J [ }C O’O’Tj Now, numerator of (i) = b-c-b-d
=|13||z|cosf—|13||3|cosz—Jt
Now, Area of AABC,A=[A7 + A% + A2, 3
[Where, A xy is area of projection ofAABC on xy plane _ (57\')(7\') +(57u)(37»)l _ 507 +157 —10)2
= area of AAOB]
A 01 Denomlnelf(;r 052(1) =2 |b ||cq—d|
1 ) pt Now |é—d|'=d”+¢"—2¢-d
Now, Ay =21 0 Pk =] = 92 + A2 = 2(A)(3K) x 1/2 = 10A2 - 302 = 7A2
o 0 1 ld —el=7 0
o » Denominator of (i) = (51)(\7) = 5v7A?
Similarly, A,, =——— and A 2
” 2|kl = 2|in| cos(BA CD 100 —i
2_ 42 2 2 r NN
. A :Axy+AyZ+Azx = AZ% ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, [-X -3

11. (a) : Let O be the required angle then 6 will be MPP-6 CLASS XI m

the angle between @ and b+¢ (b+¢ lies along the . ® 2. @ 3 d 4 O 5 (a)

angular bisector of Gandb) 6. b) 7. (abcd) 8. (ab) 9. (ab,0)
0= a- (b +¢) 2cos 0L CcoS Ol 10. (a,b,d) 11. (a,c) 12. (a,b,c) 13. (a,d)
COoS =
|a||b+c| \/2+2cos(x Cosg 14.(b) 15. (c) 16. (c) 17. (\J7/8)

18.(5) 19. (8) 20. (1)
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KEY POINTS

Equation of circle
Let C(h, k) be the centre of the circle and CP(=r) be the radius
of circle, then equation of c1rcle is

(x-h)?+(y-k?=r2..(3) VA
Now, if origin (0, 0) be the centre of P(x, )
circle, then eq. (i) becomes,
2+yr=rr (i)
The area of the circle is given
by mr? sq.unit.
General Equation of Circle ) x

The general equation of second degree may represents a circle,
if the coefficient of x? and coefficient of y? are identical and
the coefficient of xy becomes zero. i.e.,

ax? + by? + 2hxy + + 2gx + 2fy + ¢ =0 (i)
represents a circle, if (a) a = b i.e., coefficient of x> = coefficient
of y?and (b) h =0 i.e., coefficient of xy = 0, then Eq.(i) reduces
as, x? + y2 + 2gx + 2fy + ¢ = 0 whose centre and radius are

(-g -f) and /g% + f* — ¢ respectively.

e  Equation of circle in diameter form
Let A(x,, y;) and
B(x,, ;) be the end points
of a diameter of the given
circle and let P(x, y) be

any point on the circle.
From figure, ZAPB

=90°
Slope of AP,
m 2[}/—)/1 and slope of BP, m, =(y—y2 J
X=X X —Xx,

For perpendicular, my-m, = -1
AP-BP=-1

R (y—yl)(y—yzjz_l
X=X X=Xy

= (-x)x-x)+(y-y)y-y) =0,

which is the required equation of circle in diameter form.
Equation of circle in different cases :
e CaseI: When the circle passes ’

through the origin (0, 0) : Let the

equation of circle be

(x-h2+@-k2=r> .0

- It passes through origin (0, 0)

h* + k2 = r? 2

~_ M~

Equation (i) becomes,
(x-h?+(y-k?=h+k

= 2+ h*-2hx+y? - 2ky + K? = h? + k?
= x>+y?-2hx-2ky=0

e  Case Il : When the circle touches x-axis:
Let the centre of circle be J

C(h, k), and it touches x- axis
at point P, then the radius of
circle is CP = |k|
Equation of circle is

(x=h)2+ (y-k)*= (CP)? = K2 0 P
or x?+y?-2hx-2ky+h?>=0

e  CaseIIl: When the circle touches y-axis:
Let the centre of circle be C(h, k) and y &

it touches y-axis at point
P, then the radius CP = |h| p
~. Equation of circle is

(x~ 1) + (7~ k)2 = (CP)2 = .

or x2 + 2 - 2hx - 2ky+k2— 0 i
e  CaseIV: When the circle touches both axis:

In this case || = |k| =

Then the equation of circle is

(x - h)? + (y - k)> = 2 where, |h| = |k| =

(xx0)?+ (y+a)?=o?

orx?+y? + 200 £ 20y + 02 = 0
Position of a point with respect to a circle
Let C(h, k) be the centre and r be the radius of the circle and
P(a, b) be any point in the plane of the circle, then three

cases arises i.e.,
‘/ (a,b)
‘ ab)
C(h k)

Irl =

e Casel: Let P lies outside
the circle, then equation of
circle is

(a-h?+(b-k?>r?

e CaseIl: Let point 'P' lies on
the circle, then equation of

circle is
(a-h?+(b-k?=r

e Case IIl : Let point 'P' lies
inside the circle, then equation

of circle is

(@-h2+(b-k?<r
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Equation of circle in parametric form

e CaselI: Let P(x, y) be any point on the circle
x* + y* =12, then from fig. ZMOP = 6. On resolving the
components, we get

x=OM = rcosO (1)
and y = PM = rsin® ....(ii)
Here eqs. (i) and (ii) are the
required parametric form of
the circle x? + y? = r2, where
'0' is a parameter.

Case II : Parametric form
of equation of circle, if
(h, k) is the centre and r being
the radius is

x=h+rcosb,
y=k+rsinb,0<0<2n
where 0 being the parameter.

x:O%}, >

o  Theleast and greatest distance of a point from a circle
Let S = 0 be a circle and A(xy, ;) be Q
a point. If the diameter of the circle
is passing through the circle at P and p
Q, then AP = AC - r = least distance.
AQ=AC + r = greatest distance where
r is the radius and C is the centre of circle.

Alxp, yp)

Condition of tangency

e Aline L = 0 touches the circle S = 0, if length of
perpendicular drawn from the centre of the circle to the
line is equal to radius of the circle i.e., p = r. This is the
condition of tangency for the line L = 0.
Circle x? + y? = a? will touch the line y = mx + ¢ if

c=ia\/1+m2

(a) If a®2(1 + m?) - ¢ > 0 line will meet the circle at
real and different points.

(b) If 2 = a*(1 + m?) line will touch the circle.

(¢) If a®(1 + m3) - ¢% < 0 line will meet circle at two
imaginary points (i.e. will never meet the circle).

Equation of tangent and normal
e  Equation of tangent : The equation of tangent to the
circle x? + y? + 2gx + 2fy + ¢ = 0 at a point (xy, y;) is

xx1+yy1+gx+x) +fly+y)+c=0
or T=0
The equation of tangent to circle x? + y? = a? at point
(1, y1) i xy + yyy = a’.

e  Slope form: From condition of tangency for every value
of m, theline y = mx+av1+m* isatangent of the circle

x* + y2 = @® and its point of contact is

Fam *a
Vi+m?* N1+m?
e  Equation of normal : Normal to a curve at any point
P of a curve is the straight line passing through P and
is perpendicular to the tangent at P. The equation of

®
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normal to the circle x + y? + 2gx + 2fy + ¢ = 0 at any point
nt+f

X+

(x1,y1)is y—y (x—x)

e Length of tangent : From any point, say P(x;, y;)

two tangents can be drawn to a circle which are real,
coincident or imaginary according as P lies outside, on
or inside the circle.
Let PQ and PR be the two tangents drawn from
P(x}, y1) to the circle x? + y? + 2gx + 2fy + ¢ = 0. Then
PQ = PR s called the length of tangent drawn from point
P and is given by

PQ=PR=\/x12+y12+2gx1+2fy1+c=\/§
S 0

(x5 1)
R

e  Pair of tangents : From a given external point P(xy, y1)

two tangents PQ and PR can be drawn to the circle,
S=x2+y*+2gx+2fy+c=0.
Their combined equation is S, = T?, where
S = 0 is the equation of circle, T = 0 is the equation of
the tangent at (xy, y;) and S; is obtained by replacing x
by x; and y by y; in S.

Director circle

The locus of the point of intersection of two perpendicular
tangents to a circle is called the Director circle. Let the circle
be x? + y* = a?, then equation of pair of tangents to a circle
from a point (xy, y;) is

(2 + 5% - ad)(xf + y7 - a?) = (xx) + yyy - @)’

If this represents a pair of perpendicular lines then coefficient
of x? + coefficient of y? = 0

. 2.2 2 2 2, .2 2 2
ie,(x{+y;—a" —x{)+(x{+y;—a"—y;)=0

= x12+ylz=2a2

Hence the equation of director circle is x* + y = 2a2.
Obviously, director circle is a concentric circle whose radius

is /2 times the radius of the given circle.

Director circle of circle x> + y? + 2gx + 2fy + c =0 is
X+ +2gc+2fy+2c-g2-f2=0

Chord of contact

The chord joining the two C

points of contact of tangents A

to a circle drawn from any

external point A is called (x> 1)

chord of B

contact of A with respect

to the given circle. Let the given point is A(xy, y;) and the
circle is S = 0 then equation of the chord of contact is
T=xx;+yy1+glx+x) +fly+y) +c=0 ..(0)

Note : (i) It is clear from the above that the equation of the
chord of contact coincides with the equation of the tangent,
if the point (x;, y;) lies on the circle.



(ii) The length of chord of contact = N p2

2, .2 2\3/2
(iii) Area of AABC = alx +2J’1 2a )

XN
Equation of a chord whose middle point is given
We have the circle x? + y? = a> and middle point of chord is
P(x1, y1)-
Slope of the line OP = &; slope of AB = A
X1 N

So equation of chord is
x
y=y=-"tx-x)

! A
_ 2 2
or xx;+yy;=x +n

P(Xl, y1\<_/

which can be represented by T = S;.

Common chord of two circles

The line joining the points of intersection of two circles is

called the common chord. If the equation of two circles is
S1=x2+y2+2g1x+2f1y+¢,=0
Sy=x2+ Y2 +20x+ 26y +¢=0

then equation of common chord is

S1-85=0= 2x(g1-@)+2y(fi-fr)) +c1-¢c,=0

The length of the common chord is

21 - pt =2\ 5}
where p; and p, are the length of perpendicular drawn from
the centre to the chord.

Angle of intersection of two circles
The angle of intersection between two circles S = 0 and §’ =
0 is defined as the angle between their tangents at their point
of intersection. If
S=x?+y*+2g1x + 2fiy + ¢, =0,
S'=x2+y2+20x+ 2y +c;=0
are two circles with radii r1, r, and d be the distance between
their centres then the angle of intersection 6 between them
is given by

2,2 12
c059=—r1+r2 d
2nt,
or cosB= 2818+ hfh) - (g +6)

2\/g12 + i _Cl\/gg +fi-¢
e  Condition of orthogonality :

If the angle of intersection of 0
the two circles is 90° then such
circles are called orthogonal
circles and condition for
orthogonal circles and
condition for orthogonality is
2¢18 + 2f1 f = c1 + ¢;. When
the two circles intersect orthogonally then the length
of tangent on one circle from the centre of other circle
is equal to the radius of the other circle.

Power of a point with respect to a circle

The power of a point P(x;, y;) with respect to the circle x? +

>+ 2gx + 2fy + c=01is S; where
S =x12 +y12 +2gx,+2fy; =0

Radical axis

The radical axis of two circles is the locus of a point which

moves such that the lengths of the tangents drawn from it to

the two circles are equal in length.

Some properties of the radical axis are as follows :

e  The radical axis and common chord are identical
: Since the radical axis and common chord of the
two circles S = 0 and §” = 0 are the same straight line
S - § =0, they are identical. The only difference is that
the common chord exists only if the circles intersect in
two real points, while the radical axis exists for all pair of
circles irrespective of their position.

Common tangent

Touching circles

Radical axis

()

Non-intersecting circles

Common chord

Intersecting circles

The position of the radical axis of the two circles
geometrically is shown below:

S =

From Euclidean geometry, (PA)? = PR - PQ = (PB)?
e  Theradical axis is perpendicular to the straight line which
joins the centres of the circles.
Consider, S=x? + y? + 2gx + 2fy + c=0 ... (i)
and S;=x2+ 2 +2g1x+ 2fiy+ ¢, =0 ... (ii)
Since C; = (-g, -f) and C, = (-g1, —f}) are the centres of
the circles (i) and (ii), then slope of
co,_—htf _f=h
—&it8 & &
Equation of the radical axis is
2g-g)x+2(f-fi)y+c-¢1=0
—(g-8)

=my (say)

Slope of radical axis is =m, (say)
f=h
mymy = -1
Hence C;C, and radical axis are perpendicular to each
other.

69)
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The radical axis bisects common tangents of two
circles: Let AB be the common tangent. If it meets the
radical axis LM at M, then MA and MB are two tangents
to the circles. Hence MA = MB since lengths of tangents
are equal from any point on radical axis. Hence radical
axis bisects the common tangent AB.

(0(<)

If the two circles touch each other externally or internally,
then A and B coincides. In this case the common tangent
itself becomes the radical axis.

The radical axis of three circles taken in pairs are
concurrent : Let the equation of three circles be

S, =x*+y*+2gx+2fiy+¢ =0 - (i)
stx2+y2+2g2x+2f2y+c2:() .. (i)
S3 Ex2+y2+2g3x+2f3y+c3=0 .. (iii)

The radical axis of the above three circles taken in pairs
are given by
S-S, =2x(g ) +2y(fi- )+ -6 =0 -(iV)
8, =8 =2x(g, ~83) +2y(f~ fy)+c; = =0 .. (V)
S;=8=2x(g;—g)+2y(f3—fi)+e3—¢; =0 ... (vi)
Adding (iv), (v) and (vi), we find LHS vanished identically.
Thus the three lines are concurrent.
If two circles cut the third circle orthogonally, then the
radical axis of the two circles will pass through the centre
of the third circle.

OR
The locus of the centre of a circle cutting two given
circles orthogonally is the radical axis of the two circles.

Let SIEx2+y2+2g1x+2f1y+CI=O (1)
SZEx2+y2+2g2x+2f2y+c2=O ... (ii)
S5 Ex2+y2 +2g:x+2f;y+c;3=0 ...(iii)

Since (i) and (ii) both cut (iii) orthogonally
260183+ 2fifs=c1+ ¢
and 2, g3 + 23 = + ¢3
Subtracting, we get
2g3(g1 - gz) + 2f3(fl —fz) =C1—-C (IV)
Now radical axis of (i) and (ii) is
81—82:0 or2x(g1 —gz) +2)/(f1 —fz) + -6 = 0
Since it will pass through the centre of (iii) circle
s 22m@ - @) - 2B -f) e -e=0
or 2g3(g1 —gz) + 2f3(f1 —f2) =C—-C (V)
which is true by (iv).

Some important results to remember

If two conic sections

apx* +2hyxy +by* +2g,x+2f,y+¢, =0 and

azxz +2h2xy+b2y2 +28,x+2f,y+c, =0 will
intersect each other in four concyclic points, if

a,—b ﬂ

a,—b, h .
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The point of intersection of the tangents at the points
P(acoso., asino) and Q(acosp, asinf) on the circle x% +
y?=a’is

acos(a+ﬁ) asin(OH-B)
2 2
COS(C‘—13) ShJ(C‘—13)
2 2
Length of chord of contactis AB= L and area
VR +1%)

of the triangle formed by the pair of tangents and its
2

chord of contact is where R is the radius of the

R°+L
circle and L is the lengths of tangents from P(xj, y;) on

§=0.Here Lz\/S_l.

Plxp, 3y
Equation of the circle
circumscribing the
triangle PAB is
(x-x)(x+g) +(y-y)
»+H=0
where O(-g, -f) is the
centre of the circle
K+ y?+2gx+2fy+c=0

A
Family of circles
circumscribing a triangle
whose sides are given by
L,=0,Ly=0and L3 =0is given
by L1L2 + }LL2L3 + “,Lg,Ll =0 B
provided coefficient of
xy = 0 and coefficient of C
A

x? = coefficient of y2.

Equation of circle
circumscribing a f\
quadrilateral whose sides /
in order are represented by
thelinesL; =0,L,=0, L3 . -0
=0and L, = 0 is given by
L1L3 + }\.L2L4 =0
C

provided coefficient of

x? = coefficient of y? and coefficient of xy = 0.

Length of an external common tangent and internal
common tangent to two circles is given by the length

2

of external common tangent L, = d* - (n,—1,)" and

length of internal common tangent L;, = d* - GRE )?
[Applicable only when d > (ry + 1;)]

where d is the distance between the centres of circles
and r; and r, are the radii of two circles.



e  The locus of the middle point of a chord of a circle
subtending a right angle at a given point will be a circle.

e  Thelength of a side of an equilateral triangle inscribed in
the circle x2 + y2 = a?is a/3.

e  The distance between the chord of contact of tangents to
x* + ¥ + 2gx + 2fy + ¢ = 0 from the origin and the point

(g,f)is |g2+f2_5|
2J(g*+ 1)
e  The shortest chord of a circle passing through a point P
inside the circle is the chord whose middle point is P.
e  Thelength of transverse common tangent < the length of
direct common tangent.
e The angle between the two tangents from (xi, y;)

gl a
to the circle x> + y? = a? is 2tan I(F} where
1

Sl = x12 +}/12 - (12.

PROBLEMS

1. The equation of the circle of radius 5 in the first quadrant
which touches x-axis and the line 4y = 3x is

(@) x*+y*-24x-y-25=0

(b) x*+y*-30x- 10y +225=0

() x>+y*-16x-18y+64=0

(d) x*+y*-20x-12y+144=0

2. Find the equation of the circle which passes through the
point of intersection of the lines 3x - 2y—1=0and 4x + y - 27
=0 and whose centre is (2, -3).

@ (x-2%+(y+3)%=(109)?

(b) (x+27 ~(y-37 =(109)’

(@ (x=27~(y+3)’ =(109)’

(&) (x=27~(y=-3 =109y’

3. If O is the angle between the tangents from (-1, 0) to the
circle x? + y? - 5x + 4y - 2 = 0, then 0 is equal to

(a) 2tan™! (%) (b) tan”! (Z)
() 2cot’! (Z) (d) cot™! (Z)
4 4

4.  The centre of a circle is (2, -3) and the circumference is
107t. Then the equation of the circle is

(@) x*+y*+4x+6y+12=0

(b) x*+y*—4x+6y+12=0

(c) x2+y2—4x+6y— 12=0

(d) x¥*+y*-4x-6y-12=0

5. The equation of the circle which passes through
the intersection of x> + »* + 13x - 3y = 0 and
2x2 + 292 + 4x - 7y — 25 = 0 and whose centre lies on
13x+30y=0is

(@) x*+y*+30x-13y-25=0

(b) 4x*+4y?+30x-13y-25=0

() 2x*+2y2+30x-13y-25=0

(d) x?+y*+30x-13y+25=0

6. The equation of the circle on the common chord of the
circles (x - a)? + y? = a® and x* + (y + b)? = b? as diameter, is
(@) x*+ y*=2ab(bx + ay) (b) x> +y?>=bx+ay

(c) (a?+ b)) (x? + y?) =2ab(bx - ay)

(d) (a%+ )2+ y?) =2(bx + ay)

7. If the circles x> + > + 2ax + ¢y + a = 0 and
x* +y? - 3ax + dy - 1 = 0 intersect in two distinct points P
and Q then the line 5x + by — a = 0 passes through P and Q for
(a) exactly one value of a (b) no value of a

(c) infinitely many values of a

(d) exactly two values of a

8. To which of the following circles, the liney - x + 3 =10

is normal at the point (3 + %, %J?
3 ) 3 Y
(a) (x—3—$) +(y—E) =9
3 Y 3 Y
o 3] 3]

() ¥*+(y-3?=9 (d) (x-32+y*=9

9.  The equation of the circle which touches both the axes in
I quadrant and whose radius is 4, is

(@) x*+y*-2ax-2ay+a’=0

(b) x¥*+y*+ax+ay-a*=0

() x*+y*+2ax+2ay-a*=0

(d) x¥*+y*-ax-ay+a’=0

10. The equation of pair of tangents drawn from the point
(0, 1) to the circle x> + y? - 2x + 4y =0 is

(a) 4x?* -4y’ +6xy+6x+8y-4=0

(b) 4x? -4y +6xy-6x+8y-4=0

() x¥*-y*+3xy-3x+2y-1=0

(d) x*-y*>+6xy-6x+8y-4=0

11. The equation of the circle which passes through points
of intersection of circles x? + y? + 4x — 5y + 3 = 0 and x? + 32
+2x + 3y - 3 =0and point (-3, 2) is

(@) x*+y*+8x+13y-3=0

(b) 4x?+4y2+13x-8y+3=0

() x*+y*-13x-8y+3=0

(d) ¥*+y*-13x+8y+3=0
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12. Tangents are drawn to the circle x> + y? = 9 at the points
where it is met by the circle x? + y? + 3x + 4y + 2 = 0. The point
of intersection of these tangents will be

8 13 27 36
@ (H’H) ® (_H"H)

© (E,H) @ (3, 1)
27 36 4

13. Suppose that two circles C; and C, in a plane have no

points in common. Then

(a) there are exactly two line tangent to both C; and C,

(b) there are exactly 3 lines tangent to both C; and C,

(c) there are no lines tangent to both C; and C, or there are
exactly two lines tangent to both C; and C,

(d) thereare no lines tangent to both C; and C, or there are
exactly four lines tangent to both C; and C,

14. The equation of the circle which passes through the
origin and cuts orthogonally each of the two circles x> + y* -
6x+8=0andx*+y?-2x-2y-7=0is

(a) 3x*+3y2-8x-13y=0

(b) 3x*+3y2-8x+29y=0

() 3x*+3y2+8x+29y=0

(d) 3x*+3y2-8x-29y=0

15. For the two circles x? + y? = 16 and x? + y? - 2y = 0 there
is/are

(a) one pair of common tangents

(b) only one common tangent

(c) three common tangents

(d) no common tangent

16. Find the equation of the circle passing through the point
(2, 1) and touching the line x + 2y — 1 = 0 at the point (3, -1).
(@) 3(x2+y?)-23x-4y+35=0

(b) x2-y?>+23x+4y-35=0

() 2x*-2y*-23x-4y+35=0

(d) None of these

17. Ifequation x? + y + 2hxy + 2gx + 2fy + ¢ = 0 represents a
circle, then the condition for that circle to pass, through three
quadrants only but not passing through the origin is

@) f’>c¢g?>cc>0

(b) g2>cf?<cc>0,h=0

(©) f2>cg?>cc>0,h=0

(d) g*<cf?<cc<0,h=0

18. The equation of the circle which has a tangent
2x -y -1 =0 at (3, 5) on it and with the centre on
x+y=>5,is

(@) xX2+y*+6x-16y+28=0

(b) x2+y*-6x-16y-28=0

() xX2+y*+6x+6y-28=0

(d) x2+y*-6x-6y-28=0

19. The distance from the centre of the circle
%% + y2 = 2x to straight line passing through the points
of intersection of the two circles x> + y? + 5x - 8y + 1 = 0
and x> + y? - 3x+ 7y -25=01is

(a) 1/3 (b) 2 (c 3 (d 1
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20. Two circles with radii 7; and r,(r; > r, = 2) touch each
other externally. If 0 be the angle between the direct common
tangents, then

(a) O=sin"! (—’1 0 ] (b) ©=2sin"" (—’1 2 )

n-r, n+r,
(© 6=sin'|1 2 (d) None of these

n+n
21. Ifthe curves ax? + 4xy + 2y? + x + y + 5= 0 and ax? + 6xy
+ 52 + 2x + 3y + 8 = 0 intersect at four concyclic points then
the value of a is
(a) 4 (b) -4 (c) 6 (d) -6
22. Two  perpendicular tangents to the circle
x* + y2 = a® meet at P. Then, the locus of P has the equation
(@) x*+y*=2a? (b) x*+y>=3a%
(c) x*+y*=4a? (d) None of these
23. The area of the triangle formed by the tangents from an
external point (h, k) to the circle x> + y2 = a? and the chord of
contact, is

1 (K +k*—d?
(a) —a[— (b)
Y
a(h? + 12 —a?)??
(> +k%)
24. Thelocus of a point which moves so that the ratio of the
length of the tangents to the circles x? + y? + 4x + 3 = 0 and x?
+y?-6x+5=0is2:3,1is
(@) 5x2+5y2+60x-7=0 (b) 5x2+5y2-60x-7=0
() 5x2+52+60x+7=0  (d) 5x+5)°+60x+12=0
25. The circle S; with centre C;(a;, b;) and radius r; touches
externally the circle S, with centre Cy(a,, b,) and radius r,. If
the tangent at their common point passes through the origin,
then

@ (af +a3)+(b +b)) =r +1}
(b) (@ —at)+ b -b})=1] -1
(©) (af —by)+ (a3 +by) =1 +715
(d) (@ -bH)+ (@ +b2)=r,+17

a(hz LK —a2)3/2
202 +K%)

(c) (d) None of these

26. If two circles, each of radius 5 unit, touch each other
at (1, 2) and the equation of their common tangent is
4x + 3y = 10, then equation of the circle a portion of which
lies in all the quadrants, is

(@) x*+y*-10x-10y+25=0

(b) x*+y*+6x+2y-15=0

() x*+y*+2x+6y-15=0

(d) x*+y*+10x+ 10y +25=0

27. A rhombus is inscribed in the region common to the
two circles x? + y? - 4x - 12 =0 and x? + y? + 4x - 12 = 0 with
two of its vertices on the line joining the centres of the circles.
The area of the rhombus is

(a) 8\/5 $q. units (b) 443 sq. units
(c) 16\/5 $q. units (d) None of these



28. The equations of three circles are given:
+y?P=1x>+y*-8x+15=0,x% + > + 10y + 24 = 0.
The coordinates of the point such that the tangents drawn
from it to three circles are equal in length, are

© (—2, 5) @ (—2, ‘_5]
2 2

29. If the tangents are drawn from any point on the line
x + y = 3 to the circle x> + y? = 9, then the chord of contact
passes through the point

(@) (3,5 (b) (3,3)

(© (5,3) (d) None of these

30. The slope of the tangent at the point (k, k) on the circle
B +y?=a’is

(@) 0 (b) 1

() -1 (d) dependent of h

SOLUTIONS

1. (b) : Let the centre of circle be (g, 5).
3g) -4 _

V3%t +42
Equation of circle whose centre is (15, 5) and radius 5

is (x - 15)2 + (y - 5)? = 52

= x?-30x+y*-10y+225=0

2. (a) : Let P be the point of intersection of the lines AB

and LM whose equations are respectively

3x-2y-1=0 ..(i)and4x+y-27=0 ... (ii)

Solving (i) and (ii), we get x = 5, y = 7. So, coordinates of P

are (5, 7). It is given that C(2, -3) be the centre of the circle.

Since the circle passes through P, therefore

CP = radius =+(5-2)%>+(7+3)*> = radius=+109

Hence the equation of the required circle is
(x=2)" +(y+3)* = (v109)?

3. (a) : We know that, the angle between the two tangents

from (a., B) to the circle x? + y? = r? is

5 = 3¢=25+20= g=15

2tan”! L
NEY

LetS=x*+y>-5x+4y -2
2
5 7
Here, r=,/| -2 | +(2)*+2==
2 2

At point (-1,0), S; = (-1)> + (0)> - 5(-1) + 4(0) -2 =4
712 (7
Required angle, =2tan' ——==2tan 1(—)
Ja 4

4. (c) :Itis given, centre is (2, -3) and circumference of
circle=10m = 2nr=10mn = r=5
The equation of circle is (x — 2)? + (y + 3)> = 52
= x*+)?-4x+6y+13=25
= xX*+)y?-4x+6y-12=0

5. (b) : Let the equation of circles be

S1=x*+y?+13x-3y=0 ()
and S, =2x% + 22 +4x -7y -25=0 .. (ii)
The equation of intersecting circle is AS; + S, =0

2
= Mx*+y? +13x—3y)+(x2 +y’ +2x—77y—75)=0 -..(iif)

Centre = (— (2+131) (7/2)+37»)

20+A) 7 2(1+1)
Centre lies on 13x + 30y = 0.

. _13(2+213x)+30((7/z;+3x)=0

= -26-169A+105+90A=0 = A=1
Hence, putting the value of A in (iii), we get required equation
of circle as 4x? + 4y? + 30x - 13y - 25 =0

6. (c) : The equation of the common chord of the circles
(x-a)+y*=a?and x* + (y + b)? = b?is

IESI—SZZO
= C+ad-2ax+y-at-x* -y -0 -2by+1?=0
= ax+by=0 . (1)

Now, the equation of required circle is §; + AL =0
{(x-a)?+y*-a’ +Max+by} =0

= x2+y?+x(ak-2a)+Aby=0

Since, (i) is a diameter of (ii).

2
a(_“’“‘z“)w(_ﬁ):o a2
2 2 a*+b?

On putting the value of A in (ii), we get
(@® + bA)(x? + y?) = 2ab(bx - ay)

which is the required equation of circle.

7. (b):S§-S=5ax+(c-d)y+a+1=0and
5x + by - a = 0 must represent the same line.
a_c—d_a+l
1 b —a

= ab=c-danda’>+a+1=0

Thus, a is imaginary so no value of a exists.

.. (if)

PUZZLE P

SOLUTION - SEPTEMBER 2018

5- 120x 2+ 7+
6 5 4 2 1 3
3+ 15+
1 2 6 4 3 5
10+ 2+ 7+
1 3 5 4
25x
3 4 1 5 2 6
9+ 36x 9+
4 3 5 1 6 2
7+
5 6 2 3 4 1
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MATHEMATICS TODAY | OCTOBER ‘18



8. (d) : Line must pass through the centre of the circle.

9. (a) : Required equation is (x - a)? + (y — a)?> = a®

= x*+y?-2ax-2ay+a*=0

10. (b) : Let S = x? + y2 - 2x + 4y then
$,=02+12-2.0+4-1=5
T=x-0+y-1-(x+0)+2(y+1)=-x+3y+2

The equation of the pair of tangents is SS; = T2

=  (¥?+y?-2x+4y)5=(-x + 3y +2)?

= 4x? -4y’ +6xy-6x+8y-4=0

11. (b) : The equation of circle through the points of

intersection of given circles is

K+ +4x-5y+3+Mx?+y2+2x+3y-3)=0

Since it passes through point (-3, 2) also, therefore

3
—6+10A=0 = 7»=g

Hence equation of required circle is

5x2 +5)2 +20x - 25y + 15+ 32 + 3y + 6x+ 9y -9=0

= 8x*+8)2+26x-16y+6=0

= 4% +4+13x-8y+3=0

12. (b) : Equation of common chord will be
3x+4y+11=0 ..(1)

Let the point of intersection of the tangents be (ct, ).
Equation of the chord of contact of the tangents drawn

from (o, B) to first circle will be
xa+yB=9

Since, (i) and (ii) are identical.

3 4 11 27 36
—=—=-— = (LB)=—-—
a B 9 11° 11

...(ii)

13. (d) : or

14. (b) : Let required equation of circle be
K+ 2 +2gx+2fy=0
Since, the above circle cuts the given circles orthogonally.
2(-3g) + 2f(0) =8 = 2g=-8/3
2
and 2¢g-2f=-7 = 2f=7+§=?9
Required equation of the circle is

Py =252 0 = 32432 - 8x+29y=0
373

15. (d) : The centres and radii of given circles are
C,00,0), 1, =4, C,(0,1), r, =+/0+1=1

NOW, CICZ :\10—1—(0—1)2 =1 and ry—r= 3.

CiCy<r1 -1y
Hence, second circle lies inside the first circle, so no common
tangent is possible.
16. (a) : Equation of circle is
(x-32+(+1)2+Mx+2y-1)=0
Since, it passes through the point (2, 1).

1+4+02+2-1)=0 = xz_g

74
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5
Circle is (x—3)2+(y+1)2—§(x+2y—1)=0
= 3x2+3y2-23x-4y+35=0

17. (c) : Given circle is
%+ y? + 2hxy +2gx + 2fy + ¢ =0 (i)
For (i) to represent a circle, h = 0

So, given circle is x? + y% + 2gx + 2fy + ¢ =0 ..(ii)
Ay
(@) >x
a/A
D

For circle (ii) to pass through three quadrants only.
() AB>0 = g-¢>0
() CD>0 = f?-¢c>0
(ITI) Origin should be outside circle (ii).
c>0
From (I), (IT) and (I1), g > ¢, f2> ¢, ¢ > 0
Required conditions are
2>c6f2>¢c>0,h=0
18. (a) : Clearly, the centre of the circle lies on the line through
the point (3, 5) perpendicular to the tangent 2x - y - 1 =0.
The equation of such line is

(y—5)=_71(x—3) = x+2y=13 (i)

Also, it is given that centre lies on the line

xX+y=5 ...(ii)
Solving (i) and (ii), we obtain the coordinates of the centre
of circle as C= (-3, 8)

Also, radius of the circle = v36+9 = NI

Equation of the circle is

(x+3) +(y—8)" = (/45)°
= x*+)?+6x-16y+28=0
19. (b) : The equation of the straight line passing through
the points of intersection of given circles is
(2 +2+5x-8y+1) - (62 +y2-3x+7y-25)=0
= 8x-15y+26=0 (i)
Also, centre of the circle x* + y? - 2x = 01is (1, 0).

Distance of the point (1, 0) from the straight line (i) is
given by

4 18D-150)+26] _34 _

V64 +225 17

n—r fr-r
20. (b): sina=+—2 = ©=2sin i 2
n+r n+




21. (b) : Any second degree curve passing through the
intersection of the given curves is
ax? +4xy + 2% + x + y + 5 + A x (ax? + 6xy
+52+2x+3y+8)=0
If it is a circle, then coefficient of x? = coefficient of y* and
coefficient of xy = 0
a(l+A)=2+5Aand4+6A=0

) 10

2+ 2 Y
a= 5xand7n=—— = a= 3 4

+A 3 1-2

22. (a) : We know that, if two perpendicular tangents to the
circle x? + y* = a> meet at P, then the point P lies on a director
circle. Thus, the equation of director circle to the circle x? +
y?=a?is x? + y* = 2a?

which is the required locus of point P.

23. (c) : Here, area of APQR is required.

Now chord of contact with respect to circle x* + y* = a2,

and point (k, k) is hx + ky - a*>=0

Q
P
h, k
R

W +k* -a’

Vh: +k?

@) 2a+ k-
h+ k2 \/hl + k2

Now, length of Lr, PN =

Also, QR = 2\/02 -

.. Area of APQR = %(QR)(PN)

lyd#+ﬁ—ﬁxm%wﬁwh
2 sk 2+ 12
(h2 +k2 _a2)3/2
=-qgqg—
h? + k2

24. (c) : Let P(xj, y;) be any point outside the circle. Length of

tangent to the circle x2 + y2 + 4x + 3= 0is /x7 + y +4x, +3

and length of tangent to the circle x2 + y* - 6x + 5= 0 is

\/x12+y12—6x1+5
[2. 2
Xy +y7 +4x, +3
According to question, 1)}1—1 = E
\/x12+y12—6x1+5 3

= 9x; +9y; +36x, +27 —4x; —4y; +24x,—20=0
= 5x12 +5)’12 +60x,+7=0

Locus of point P is 5x% + 5y% + 60x + 7 = 0.
25. (b) : The two circles are

Si=(x-ap)*+(y-b)*=r? - (1)
Sy=(x-a)? + (y - by)* = r)? ... (ii)
The equation of the common tangent of these two circles is
givenby §; - S, =0
= 2x(ay - ay) + 2y(by - by) + (a> + by?)
—(@a+bD)+rE-ri=0
If this passes through the origin, then
(a% +b§)—(a12 +b12)+r12 —r22 =0
= (@ —a)+b; b)) =15 -1

26. (b) : The centres of the two circles will lie on the line
through P(1, 2) and perpendicular to the common tangent
4x + 3y =10.If C; and C, are the centres of these circles, then
PCy=5=r;and PC, =5 =r,.

x=1 y-=2

Also, Cy, G, lie on the line =
cosO

3
—— =1 ,where tanf=—.
sin® 4

When r = r{, the coordinates of C; are
4 3
(5¢c0s0 + 1, 5sinO + 2) or (5,5) as cosO= E’ sin@ = E

When r = r,, the coordinates of C, are (-3, -1).
The circle with centre C;(5, 5) and radius 5 touches both the
coordinates axes and hence lies completely in the first quadrant.

SAMURAI

SOLUTION - SEPTEMBER 2018

918 |5(6[1[3]|4|7]2 7(419]|1|8(5[2]6]3
713]12|4(8(5[/9(|6|1 112|5(4(6|3|7(9]|8
416(1(9]2(7]8]|5](3 8[3|6[|9|7|2[5|4]1
117(8]5|3(6[2]|9|4 5(8[7]12|1]/6[9]3]|4
21416(7]9(1]5(3]8 9(112]|7|3]4(6]|8]|5
3(5(9(8|4(2|6|1|7 416(3|8(5(9]|1|2(7
5(113(2|6(4|7|8(9|2|6|1]|3(5]|4(6|2|7(8]1|9
6(9(4(1]|7|8(3]2|5|8(4]7]|6]|9|1(5]|4|8|3|7]|2
812(7]3]|5|/9(1]4]6]|5(3[9]2|7|8(3]|9|1]|4|5]|6

915|3[6|2|8|4]|1]|7

2114|7|5|3|8|6(9

6 (7(8[1]9]4]5(3]2
8(113[7]6]|5(4(9]2]|3[1]6]7|8|5[1]6]3]|2]9]4
216|9(4|8(1]|5|3[7]9(8|2]|1(4]|6[2|7]9(|8]|5]3
514 |7[3/2](9]|8|6[1]4][7|5]9|2|3|5|4[8]|7|6]1
915|6(2]4(7]|1(8]3 59127 |1]4]6]3]8
3(7]14([1]9(8]6]2]|5 316|8(9]2|5[1]|4]|7
112[816|5(3[7]4]9 417]11]18[3[6]9|2]|5
71812(9(1(6]3|5/4 6(1]/9]|4|5[7[3]8]2
413 |5(8|7(2|9|1]|6 8(5|7]13[9|2(4|1|6
619|1[5]3(4]2|7|8 2(3]4|6(|8[1[5]7]9

Solution Senders : Ridhi Roy, Sandeepa Dhar (West Bengal)
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Therefore, the required circle has centre (-3, -1) and radius
5, so its equation is

(x+32+(+1)?2=5 = 2?2 +y*+6x+2y-15=0
Since, the origin lies inside the circle, a portion of the circle
lies in all the quadrants.

27. (a) : We have, circles
with centre (2, 0) and
(-2, 0) each with radius 4.
So, y-axis is their common
chord.

The inscribed rhombus

has its diagonals equal to
4and 443.

Area of rhombus = % = 8\/5

28. (b) : Let (x, y;) be the point. As the tangents from
(x1, ¥1) to the first two circles are equal, (x;, ;) is on the
radical axis of the circles, its equation being

S1-8=?+y?-1) - (x*+y*-8x+15) =0
= 8x-16=0 = x-2=0 (1)
Similarly, (x;, y1) is on the radical axis of the second and third
circle whose equation is
Sy-S3=x2+y2-8x+ 15~ (x? + 2+ 10y +24) =0
= 8x+10y+9=0
Solving (i) and (ii), we get x =2 and y = -5/2

(i)
. S 5
The required point is (2, - 5)

29. (b) : The coordinates of any point on the line

x +y =3 are (k, 3 - k). The equation of chord of

contact of tangents drawn from (k, 3 - k) to the circle

P+y?P=9iskx+(3-k)-y=9

= @By-9)+k(x-y)=0

which clearly passes through the intersection of
3y-9=0andx-y=0 ie., (3,3).

30. (c) : The equation of the tangent at (h, h) to

x* + y*=a’is hx + hy = a.

Therefore, slope of the tangent = -h/h = -1

Cuber’s Delight

Vako Marchelashvili, an 18-years-old student from Georgia, recently solved six Rubik’s Cubes under water in
one breath, setting a new Guinness World Record. Marchelashvili did it in just over 1:44 minutes. Here are
some factoids about the 44-year-old invention that continues to be a favourite among the young and the old

himself took a month to solve it

The cube can be rearranged in more than 43 quintillion
ways—43,252,003,274,489,856,000,
according to some estimates.

In 1979, toy specialist Tom
Kremer saw the cube at fair
in Nuremberg and convinced
Ideal Toy Company to
distribute it. The Rubik's Cube
was released in 1980. By January
2009, more than 350 million
units were sold worldwide. The
first Rubik’s World Championship
was held in 1982 in Budapest. The
fastest time to solve a standard 3x3x3
Rubik’s Cube is 4.22 seconds by Feliks Zemdegs (Australia),
according to the Guinness World Records.

The cube was not invented as a toy. In 1974 Hungarian
architect Erno Rubik wanted a working model to help
explain three-dimensional geometry. He designed a
“magic cube” made up of nine coloured squares on
each side. It was heavier than the one used today. Rubik

However, a robot is the real record holder: The LEGO
Mindstorms-built cubestormer Ill machine (taking orders
from @ Galaxy S4 smart-phone) solved the puzzle in 3.25
seconds in 2014. The toy has even become a museum
exhibit. New Jersey's Liberty Science Center hosted
Beyond Rubik’s Cube in November 2014.

The most expensive Rubik's Cube was created
in 1995, with white diamonds, red rubies,
green emeralds, purple amethysts and blue
and yellow sapphires set in 18-karat gold.
It is believed to be worth § 1.5m - but it is
fully functional.

The largest Rubik's cube is 1.57m tall, 1.57m
wide, 1.57m long and was made by Tony
Fisher, in Ipswich, Suffolk, UK, as verified on
5 April 2016. He also the world's smallest—
a mere 5.6mm wide.

There are records for solving the cube are
many — depending on sizes and what you
are doing simultaneously. There are records
for solving the Rubik’s Cube while running,
cycling, juggling and while being blindfolded.

Courtesy : The Economic Times



Synopsis and Chapterwise Practice questions for CBSE Exams as per the latest pattern and
marking scheme issued by CBSE for the academic session 2018-19.

Sequences and Series

SEQUENCES

A set of numbers arranged in a definite order according
to a particular rule is called a sequence. Each number
of the set is called a term of the sequence. A sequence is
called finite or infinite according as number of terms in
it is finite or infinite.

SERIES

Let a;, ay, as, ... ... ... a, be a given sequence. Then, the
expression a, + a, + d; + ... ... ... +a,, is called series asso-
ciated with the given sequence. In other words, a series
is the sum of the terms of a sequence.

ARITHMETIC PROGRESSION (A.P.)

e A sequence (finite or infinite) is called an arithmetic
progression (A.P) if the difference between any term
and its preceeding term is constant. This constant
is called common difference denoted by ‘d’ of the
arithmetic progression.

o [Ifthetermsofasequencearegivenbya,,a, a,...a,,

then they willbein A.P.ifa,-a,=a;-a,=........
=a,-a, , =d, where d is the common difference.

General Term or n'" Term of an A.P.

e If ais the first term and d is the common difference
of any AP, then its general term is, a, = a + (n - 1)d.

o Iflis the last term of an A.P. consisting of n-terms
with common difference d, then [=a + (n - 1)d.

e Iflis the last term and d is the common difference,
then general term from the end is, a, = [ - (n - 1)d.

Sum of n-terms of an A.P.

Sum of n terms is given by, S, = — [2a + (n - 1)d]

n
" 2
or 3 [a+1]]

where a, d and [ denotes first term, common difference
and last term of the A.P. respectively.

Note :

(i) Three numbersin A.P. canbe takenasa-d, a,a + d.
(ii) Four numbers in A.P. can be taken as a — 3d, a — d,
a+d,a+ 3d.

(iii) Five numbers in A.P. can be taken asa - 2d,a - d, a,
a+d,a+2d.

Properties of an Arithmetic Progression

(i) Ifthe same quantity be added to, or subtracted from,
all the terms of an A.P, can the resulting progression is
also an arithmetic progression.

(ii) If the corresponding terms of two arithmetic
progressions be added or subtracted, the resulting
progression is also an arithmetic progression.

(iii) If all the terms of an arithmetic progression be
multiplied or divided by the same non-zero quantity,
then the resulting progression is also an arithmetic
progression.
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Arithmetic Mean (A.M.)

e A.M. between two numbers
Let a and b be two numbers, then arithmetic mean

(A.M.)isgivenby A = %b suchthata, A, barein A.P.

e 1 A.M’s between two numbers
Let a and b be the two given numbers and A, A,,

b—a
A, be n A.Ms between them, then d =
n+1l
A= +b—a A = +2(b—a)
LTAT T AT T o
n(b —
ey =a+ ( 61)
" n+1
, a+b
Sumoan.M.s:A1+A2+...+An=n( 3 )

Geometric Progression (G.P.)

A sequence (finite or infinite) of non-zero numbers is
called a geometric progression (G.P.) if the ratio of any
term to its preceeding term is constant.

The non-zero constant is called common ratio denoted
by ‘¥’ of the geometric progression.

A G.P. having first term a and common ratio r can be
written as a, ar, ar’, ....., ar" L or a, ar, ar?, ..., ar'™1, .....
to co according as the G.P. is finite or infinite respectively.

General term or n'" term of a G.P.

e Ifaand rbe the first term and common ratio of G.P.
respectively, then its general term is, a, = ar"1.

e If [ is the last term of a G.P. consisting of #n terms,
then [ = ar"™!

e [Ifa, ar, ar? .. is a finite G.P. consisting of m terms,
then the n? term from the end

= (m - n + 1)™ term from beginning
= gym-ntl-1 - gym-n

o Ifa, ar,ar% .. isafinite G.P. with last term /, then the
1

n—1
nth term from the end = l(—) .
r
1

e Common ratio ofa G.P. = (é]n_l , where
a

n = number of terms, a = first term and b = last term
of the G.P.

Sum of n terms of a G.P.

For Finite G.P. : If S, denotes the sum of first n terms
of G.P. with first term a and common ratio 7. Then,

a(r" 1) .
r—1 "~
al-r") .
(1-r "’

>1

n

<1
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Ifr=1then, S, =a+a+a+...+a(ntimes)=na
For Infinite G.P. : Sn = IL’M <1
—r

Remark :
If the product of the numbers is given, then in a G.P,
. a
(i) three numbers are taken as —, a, ar.
r

3

. a a
(ii) four numbers are taken as —>—» ar, ar’.

r

a a
(iii) five numbers are taken as —7, 4, ar, ar?,
rrr

Properties of Geometric Progression
(i) Three non-zero numbers a, b, care in G.P. iff b = ac.
(ii) The reciprocals of the terms of a G.P. are also in G.P.

(iii) If each term of a G.P. be multiplied or divided by
a non-zero number, then the sequence obtained is
also a G.P.

(iv) If each term of a G.P. be raised to the same power,
the resulting sequence also forms a G.P.

Geometric Mean

(i) G.M. between two numbers
Let a and b be any two positive numbers, then

G.M. = ab.

(ii) n G.M’s between two numbers
Let a and b be any two positive numbers, and
G, Gy, G, be n G.Ms between them, then
1

(b)m
r=|-=
¢ e 2 o
n+1 n+1 n+1
. Glza(é) " ,Gzza(é) " yeees ana(é) "
a a a
Product of n G.M’s = G,G, ... G, = (Jab)"

Relationship between A.M. and G.M.

Let A and G be respectively A.M. and G.M. of two
positive real numbers a and b, then

a+b and Gzﬁ

2
A_Gz%w_ﬁzwzoi.e.AzG

A=

Sum to n terms of special series
_n(n+1)
2
nn+1)2n+1)

6
nn+1) ]2 _ n2(n + 1)2
2 T4

i 1+2+3+..+mn

(i) 12+22+3%+ ..+n? =

(iil) 13+ 23+ 3%+.. + n®= [



VERY SHORT ANSWER TYPE

1. Evaluate 712 x 71/4 x 71/8 x ... to infinite terms.

2
?

2. What is the 15 term defined by the ¢, = " 5
n+

3. Divide 69 into three parts which are in A.P. and the
product of the two smaller parts is 483.

4. If the fifth term of a G.P. is 81 and second term is 24.
Find the common ratio.

W
| W

3
5. Find the 15 term of the G.P. >

3 e

SHORT ANSWER TYPE
6. Find the number of terms of a geometric sequence
{a}ifa, =3,a,=9and S, = 189.
7. Find the first five terms of the sequence for which
t,=1,t,=2andt, =t +t .

8. A man repays a loan of X 3250 by paying X 20 in the
first month and then increases the payment by ¥ 15
every month. How long will it take him to clear the
loan?

9. If n arithmetic means are inserted between 20 and
80 such that the ratio of first mean to the last mean
is 1: 3, then find the value of of n.

3

1 1
10. Which term of the sequence 25, 241, 235, ZZZ e

is the first negative term?

LONG ANSWER TYPE - |

11. Find the least number of terms of the series
1 2
19 + 18§+17§+ ... whose sum is negative. Also

calculate the exact sum.

12. If (p + )™ term of a G.P. is m and (p - q) term
is n, show that p" term is Vmn and 9™ term is

n pl2q
m| — .
m
13. Let a, b, ¢, d, e be five real numbers such that a, b, ¢

111
are in A.P; b, ¢, d are in G.P, —,E,— are in A.P. If
cde

a=2and e =18, find all possible values of b, c and d.
14. Find (33 -23) + (5 - 43) + (73 - 63) + ... to 10 terms.

15. The arithmetic mean between two positive numbers
a and b, where a > b, is twice their geometric mean.

Prove thata: b = (2+\/§):(2—x/§).

LONG ANSWER TYPE - 11

16. (i) If there are (2n + 1) terms in an A.P, prove
that the sum of odd terms and the sum of even

terms bear the ratio (n + 1) : n.

If the mth term of an A.P. is (1/n) and its nth
term is (1/m), show that the sum of mn terms is

(ii)

1
—(mn +1).
5 ( )
17. Find the sum of the following series to # terms:
1 1 1
+ + +
1.2-3 2-3-4 3-4-5

18. If a2, b, c? are in A.P, then prove that the following
are also in A.P.
1 1 1 a b c
@ b+c c+a a+b (i)
19. The sum of three numbers in G.P. is 56. If we subtract
1, 7, 21 from these numbers in that order, we obtain
an arithmetic progression. Find the numbers.

20. (i) Ifa,b,c, darein G.P, prove that
(@2 + b2+ c2) (b2 + 2 + d%) = (ab + bc + cd)?
(ii) The p, g™ and r! terms of an A.P. as well as
those of a G.P. are g, b, ¢, respectively, prove that
ab-c.pe-a.a-b_q,

1. 7Y2x 714 % 71/8 % to infinite terms

111 1/2
—+—+—+... to oo terms

b+c c+a a+b

=7248 =71-1/2
1 1 1 1 1
[ —+—+—+..is aninfinite GPwitha= — andr= —]
2 4 8 2 2
=7l=7 , ,
2. Heret, = n ts= 15 = ﬁ
n+2 15+2 17

3. Let the three partsof 69 bea-d,a,a+d (d > 0)
Then,(a-d)+a+(a+d)=69 = 3a=69 = a=23
Given, a (a - d) =483

23(23-d) =483 = 23-d=21 = d=2

The three parts a - d, a, a + d are 21, 23, 25.

4. Here, a,; =81 and a, =24
Let r be the common ratio of G.P.

. 8l=art
and 24 = ar
Dividing (i) by (ii), we get

ar* 81 27 , (3Y 3
—=—="sr=|Z| 5 =2,
ar 24 8 2 2

n—l]

()
..(ii)

[ a,=ar
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5. n™term of a G.P. is given by a,=ar"!

3 1
Here, a=—,r=—andn=15

15-1
3(1 3
a5 = 15t term of the G.P. = —(—) =
2\ 2 2
6. Let r be the common ratio of G.P, then
a,=a; " = 96=3r"1 = r1=32 (i)
"1 3(r" —1
Now, 5. = 27D g9 30" =D
n r—1 r—1

= 63(r-1)=r"-1 =63r-62=rr"!
= 63r-62=rx32 =3lr=62=r=2
Substituting this value of r in (i), we get
21=32=-2" = y-1=5 = n=6.
Hence, the number of terms = 6.

7. Given, t, =1,t,=2,t, ,=t +1,,

Substitutingn =1, wegett; =t +t,=1+2=3
n=2,wegett,=t,+t;,=2+3=5
n=3,wegett;=f,+t,=3+5=8

Thus the first five terms of the given sequence are 1, 2,

3,5,8.

8. Suppose the loan is cleared in #» months. Clearly,

the amounts form an A.P. with first term 20 and the

common difference 15.

Sum of the amounts = 3250 [Given]

e
Con#E—
3

Thus, the loan is cleared in 20 months.
9. Let A, A, ., A, be n arithmetic means between
20 and 80 and let d be the common difference of the
80—20 60

n+l n+l

= §{2X20+(n—1)><15}=3250

= 3n2+5n-1300=0
= (n-200Bn+65)=0=>n=20

AP.20,A, A, .., A, 80. Then, d=

60 +4
Now, A, =20+d = A, = 20+—=2o(” )
n+l n+l

and, A =20+ nd = A = 20+ :20(4n+1)

n+l n+l1
20(n+4)
A 1 +1 1 n+4 1
Ttis oi hat —L=-= n = —
tis givent atAn 3 20(4n+1) 3 in+l 3
n+l1

= 4n+1=3n+12=n=11

1 1 3
10. The given sequence 25,242,235,222, ...... i

A.P. with common difference d = —Z and first term
a=25.

D
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Let n™ term of the given A.P. be the first negative term,

3
thena, <0 = 25+(n—1)(—z <0

@_%” <0 = 103-3n<0 = 103 <3n

4
= 3n>103=>n>% ie,n> 34%.

Since 35 is the least natural number satisfying n > 34l
= n=35 3
Hence, 35" term of the given sequence is the first
negative term.

1 2
11. The given series 19+18=+ 17E+ ... is an arithmetic

series with first term a = 19 and common difference
4

d=-—.
5

Let the required number of terms be .

According to given condition sum to # terms < 0

= E[2><19+(n—1)(—é):|<0 = n[19—z(n—1):|<0.
2 5 5

MATHDOKU

Introducing MATHDOKU, a mixture of ken-ken, sudoku and Mathematics.

In this puzzle 6 x 6 grid is given, your objective is to fill the digits 1-6 so
that each appear exactly once in each row and each column.

Notice that most boxes are part of a cluster. In the upper-left corner of
each multibox cluster is a value that is multiple of its numbers. For
example, if that value is 3 for a two-box cluster, you know that only
1 and 3 can go in there. But it is your job to determine which number goes
where! A few cluster may have just one box and that is the number that
fills that box.

12+ 8+ 5 10+
3 4
12+ 9+
10+ 12+ 13 1 9+
8+ 7+
11+ 2

Readers can send their responses at editor@mtg.in or post us with
complete address. Winners’ name with their valuable feedback will be
published in next issue.




2
= 2(97—2n)<0:>——n(n—z)<0
5 5 2

97 97
> n ”_7 >0:>n<00rn>7.

As n (number of terms) is a positive integer, therefore,
the least value of n = 49.
49 4 49 4

Th 5 = — X —_ (——) :——:—9—.

en, sum > [2 19+(49-1) 3 z 3
12. Let a be the first term and r be the common ratio of
the G.P.
Given, Ay q= mandap_q: n
= arP*i-l=mandar’-9-l=n
= mn=a*>rPt9-1+P-9-1=g2 202
= mn = (arf1)? =(ap)2 = a = mn.

P
= phterm = imn.

m_ar’
Also, o arba7! =r --'gl)
pra-1 %
g term=ari-1= & = U
P 1) m
m 2
n
+
13. Given, a, b,carein AP.= b= % ..(i)
b,c,darein GP. = ¢2=bd (i)
111 2 1 1 e+c
and —,—,— areinAP = ="t =——
cde d ¢ e ce
2
= d= £ ...(iii)
c+e

a+c 2ce (a+c)ce

From (ii), ¢* = bd = =
2 c+e

c+e
= c= (a+c)e = 2+ce=ae+ce = 2=ae ..(iv)
ct+e
Given,a=2,e=18 From (iv) =36 = c=16
2+
Prom(i),b=a—+6=—6=4,—2
2 2
2
From(ii),d:%:E or E=90r—18
4 —

Thus,c=6,b=4,d=90rc=-6,b=-2,d=-18.

14. Let S, = (3°-2) + (5> - 4) + (7’ - 6") + .. ton

terms ..(1)

Now, n'h term of sequence 3, 5,7, ....

=3+(n-1)2=2n+1

and n'h term of the series 33 + 53 + 73 + ... = 2n + 1)3

nh term of the sequence 2,4,6,...=2+(n-1)2=2n
nth term of the series 23 + 43 + 6% + ... = (2n)® = 8n3

From (i), n'h term of the given series
a,=02n+1)>-8n’=12n+6n+1
S,=X12n*+X6n+3X1=123n*+63n+n
_ 12n(n+1)(2n+1) N 6n(n+1) n
6 2
=n2Q@n%+3n+1)+3n+3+1]
=n(4n* +9n+ 6) = 4n3 + 9n? + 6n
Putting n = 10, we get
S,0=410%+9-10% + 6-10 = 4960

15. Let A be the A.M. and G be the G.M. between
aand b.

+b
Then, A:a

5 andG=\/E

a+b a+b 2
Given, A=2G = =2Jab = ==
iven 2 ) /—ab 1

= M = 3 [By componendo and dividendo]
a+b—2Jab 1

L, Wardb? 3 Va+db_\3
Wa—by 1 7 Ja—b 1
2Ja 3+1

=

m = K [By componendo and dividendo]
. E_(\E+1)2_4+2\/§ - g=2+\/5
b \3-1) 4-243 b 2-43

16. (i) Let a be the first term and d be the common
difference of the given A.P.

Then, a, =a+ (k- 1)d ..(1)
Let §; & S, denote the sum of all odd terms and the sum
of all even terms respectively, then

(n+1)

S,=a,+a;+a;+..+a, , | = {a,+a,,..}

_ (n+1)

{a+a+@2n+1-1Dd}=m+1) (a+nd)

ds, = =
an 2—a2+a4+a6+...+a2n—5 la, +a,,]

g [(a+d)+(a+2n-1)d)] =n(a+ nd)
i: (n+D(a+nd) n+l

' S, n(a+nd) on
Hence, the required ratio is (n + 1) : n.

(ii) Let a be the first term and d be the common
difference of the given A.P.
1 1

Then,a_= — anda, = —
Tm oy "om

[Given]

1 1
Now, a,, = . =a+(m-1)d=— ..(1)
n
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anda = — = a+(n-1)d=— (i)
m m

On subtracting (ii) from (i), we get

(m-n)d= (%—i}(’”_”):d:L

m mn mn

1
Putting d = — in (i), we get
mn

Q+M:1:m:{l_w}zi

mn n n mn mn

1
Thus, a = L andd= —
mn mn

mn
Spn=— {2a+ (mn-1)d}
=@{i+(mn—l)} [‘.'a=L andd=i]
2 |mn mn mn mn
1
== 1
2(mn+ )

1
Hence, the sum of mn terms is > (mn +1).

17. Leta, be the nth term and S, be the sum to #n terms
of the given series.
1

n= [(n"™ terms of seq.- 1,2,3,...)

a

x (n™ term of the seq. 2,3,4,...)
x (n'™ term of the seq. 3,4,5,...)]
1
~ nn+1)(n+2)
B C

A
Leta, = —+——+
n n+l n+2

(1)

Then, A = value of whenn=0

(n+1)(n+2)
JURE S
0+1)(0+2) 2

B = value of whenn+1=0ie,n=-1

nn+2)
__r __
—1(-142)
C = value of whenn+2=0ie,n=-2
nn+1
N S
T 2(=2+1) 2
1 1
From (i), a,= ————

2n n+1 2(n+2)
Putting n=1,2, 3, ..., n, we get
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1 1 1
_+_

1 1

an—l = +
2(n-1) 2(n+1)
1 1 1

a R —

" on n+l 2(n+2)

Adding a, a,, Az, ...y @, We get,
1 1 1 1 1 1

S = ———+—+ -

T2 2 22 2n+1) n+l 2(n+2)

1 1 4 1 nn+3)

4 2(n+1) 2n+2) 4n+1)(n+2)

18. (i) Itisgiven that a?, b% c? are in A.P.
bz_azzcz_bz

1
n

S (b-a)(bta)=(c—b)(c+b) = =2-c=b
b+c a+b
N (b+c)—(a+c) (c+a)—(b+a)
b+c a+b
. (b+c)—(a+c) (c+a)—(b+a)
(a+c)(b+c) (a+b)a+c)
[Multiplying both side by L}
a+c
1 1 1 1
= — = —
atc b+c a+b a+c
= LL are in A.P.

b+c c+a a+b

(ii) Itis given that a?, b?, c* are in A.P, then from (i) part
1 1

b+c c+a a+b
a+b+c a+b+c a+b+c

arein A.P.

are also in A.P.

b+c c+a ~ a+b

= 1+ a 1+ b 1+ ¢ arein A.P.
b+c c+a a+b
a b

, ) are in A.P.
b+c c+a a+b

19. Let the numbers in G.P. be a, ar, ar?. It is given that

the sum of these numbers is 56.
a+ar+art=56=a+ar*=56-ar (1)

It is also given that a - 1, ar - 7 and ar? - 21 are in A.P.



2(ar-7)=(a-1)+(ar*-21) = 2ar=a+ar’ -8
= a+ar=2ar+8 . (i)
From (i) and (ii), we have

16
2ar+8=56-ar = ar=16 = r= — ...(iii)
a

16
Putting r = — in (i), we get
a

256
a+16+7=56 = a2 -40a+256=0
= (@-32)a-8)=0 = a=8,32

. . 16 16
Puttinga=8inr= —,wegetr= E:Z
a

Puttinga=32inr= E,wegetr: 16_1
a 32 2
When a = 8 and r = 2, we obtain 8, 16 and 32 as the

numbers of G.P.

When a =32 and r = l, we obtain 32, 16, 8 as the

numbers of G.P.
Hence, the numbers are 8, 16 and 32 or 32, 16 and 8.

20. (i) Let r be the common ratio of the G.P. a, b, ¢, d.

= (a%r + a*r + a?r°)? = a*r(1 + 12 + r*)? (i)
Hence, from (i) and (ii)
@+ b2+ (V2 + 2+ d?)=(ab + bec + cd)?.

(ii) Let x be the first term and d be the common
difference of an A.P. Then,

x+(p-ld=a (1) x+(g-1)d=b ...(ii)
x+(r-1)d=c ...(iii)
On subtracting (ii) from (i), we get

-b=(p-9d ..(iv)
On subtracting (iii) from (ii), we get
andb-c=(q-r)d (V)

Now, let A be the first term and R be the common ratio
of the G.P. Then,

ARP-1=g .(vi ARI1=b ..(vi))and AR"1=¢
On dividing (vi) by (vii) and (vii) by (viii), we get

1 1
a\r-4q b\g-r
il =| = =R
- (b) U

[Using (iv) and (v)]

..(vii)

a

= —=R1and b =RT"

b—c b a—b ab—c bu—b
Then, b= ar, c = ar? and d = ar’. - ﬂ) z(_) = ——=—
L.H.S. = (a? +b2+cz)(b2+c +d?) b c b
= (a? +a2r2+a2r4)(ar + a%r* + a%r0) — gh-c.a-b_pa-b+b-c_pc+a
=a'r?(1+r +rt)? (1) o 1
And, RH.S. = (ab + be + cd)? RO = dU AL A,
"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" @
MPP-B MONTHLY Contd. from page no. 63
Practice Problems
Q R S dx A
1. If I=|——==—
@ 1,2 3,4 1 1,2 j1+4/xz+2x+2 7
(b) 3,4 2 1 L3 X +2x+2-1
2
© 1 5 3 4 10g|x+1+\/x +2x+2|—T+C
d12 13 3 4 then A is equal to
Integer Answer Type 19. If fix) = Jx, g(x) =~ 1,and | fog(x)dx =
207" et —4e’ +4e” +2¢" e A fog(x) + Btan™! (fog(x)) + C, then A + B is equal to
17. If,[ 2x 2x 2 dx:tan 1(_) fg fg q
(e +4)(e™ ~1) 2 1+2cosx
20. Let g(x) = f—zdx and g(0) = 0, then the
K h . 1 (cosx+2)
- 248(e** —1) +C. then Kis equal to value of 8¢(1/2) is

Keys are published in this issue. Search now! ©
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This specially designed column enables students to self analyse
their extent of understanding of specified chapters. Give yourself four
marks for correct answer and deduct one mark for wrong answer.

Self check table given at the end will help you to check your readiness.

Sequences and Series

MPP-6 MONTHLY /... x

Practice Problems

Total Marks : 80
Only One Option Correct Type

1. If three positive real numbers a, b, c are in A.P. such
that abc = 4, then the minimum value of b is
(@) 2V b) 223
(C) 21/2 (d) 23/2
2. Ifa,x,barein AP,a,y, barein G.P. and a, z, b are
in H.P. such that x =9z and a > 0, b > 0, then
(@) |y|=3zandx=3]|y|
(b) y=3|z|and|x|=3y
() 2y=x+z
(d) None of these

3. Ifa,b,c, arein A.P, then bi,l,% will be in

c c
(a) AP. (b) G.P.
(c) H.P. (d) None of these

4. I(1+2) (1+x) 1 +xY) .. (1+x) = Y x", then

‘n’ is equal to r=0
(a) 256 (b) 255
(c) 254 (d) None of these

5. If the first, fifth and last terms of an A.P. is
I, m, p, respectively, and sum of the AP is
(I+p)4p+m—5I)

k(m-1)
(a) 2 (b) 3 (c) 4 (d) 5

6. Ifaisthe AM. of b and c and two geometric means

, then k is

are G, and G, are inserted between b and c¢ such
that G} + G5 = A abc, then A =

(a) 1 (b) 2 (©) % (d) 3
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Time Taken : 60 Min.
One or More Than One Option(s) Correct Type

7. Ifa, b, c are in H.P, then which of the following is/

are true?
() 2 b ‘ in H.P.
a , , are in H.P.
b+c—a cta-b a+b-c
2 1 1
b) £= L
(b) b b-a b-c
(c) a—é,é,c—é are in G.P.
22 2
(d) L,L, are in H.P.
b+c c+a a+b

8. Sum to n terms of the series

S= 12+22)%+3%+24)% + 52 + 2(65)+ ... is
(a) 1/2n (n + 1)% when n is even
(b) 1/2n* (n + 1), when n is odd
(c) 1/4n* (n + 2), when n is odd
(d) 1/4n(n + 2)% when # is even.

1 1

1
9. + + +.. '
\/5_{_\/5 \/§+\/§ \/§+ /—11 upto n terms 1s

equal to
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(a) 3n+2-+2 b "
3 \/3n+2+\/5

(d) less than \/E
3

10. Given that x + y + z = 15 when a, x, ¥, z, b are in

(c) less than n

1 1 5
AP.and —+—+—=— whena, x, y,z, barein H.P.
Th x y z 3
en

(a) GM.ofaand bis3

(b) one possible value of a + 2b is 11
(c) AM.ofaand bis 6

(d) greatest value of a — b is 8

11. If d, e, fare in G.P. and the two quadratic equations
ax® + 2bx + ¢ = 0 and dx* + 2ex + f = 0 have a
common root, then

are in G.P.

d
(a) é,f,i are in HP. (b) —,E,i
ab c ab c

(c) 2dbf = aef + cde (d) b%df = ace®
12. The pth term (T,) of H.P. is q(p + q) and qth term
T,is p(p + q) when p > 1, g > 1, then
(a) p +q=P9q (b) Tyy=p+4q
(© T, p+q qu (d) T > Tp+q
13. If l+1= 1 + , then
a ¢ 2b—a 2b-c

(a) a, b, carein A.P. (b) a,

b
E’ care in A.P.

b
(c) a, 5 care in HP. (d) a, 2b, c are in H.P.

Comprehension Type

be an A.P. and by, b,, ... be a G.P. The
sequence ¢y, €y, 3, ... is such that ¢, =a, + b, Vne N
andc;=1,¢5=4,¢c3=15,¢,=2.

Let a;, a,, ...

14. The common ratio of G.P. is

(a) -2 (b) -3 (c) 2 (d) 3
15. The common difference of A.P. is
(@ 3 (b) 4 (c) 5 (d) 6

Matrix Match Type

16. Let A}, A,, ..., A, and G|, Gy, ..., G, be n A.M’s
and n G.Ms respectively between x and 1 (where

o 1 "
x € (0,1)) such that Zxr = 3 and ZAr = 5. Then
r=1 r=1

Column-I Column-II
P zrz is divisible by 1. 9
r=1
Q. | n is divisible by 2. 8
G Y
R. | | =z | is divisible by integer | 3. 6
G2
S. | Value of 1/x is 4. 4
P Q R S
@@ 3,2 42 2 2
(b) 2,4 3 4 1,4
() 3,4 2,4 2,4 4

(d) 3,4 1,4 2 4
Numerical Answer Type

17. If the sum of an infinite G.P. is equal to the
maximum value of f(x) = x> + 2x - 8 in the interval
[-1, 4] and the sum of first two terms of the G.P. is
8. Then, the common ratio of the G.P. is

18. If nine arithmetic means and nine harmonic means
are inserted between 2 and 3 alternatively, then the

6
value of A+ q (where A is any of the A.M’s and H
the corresponding H.M.) is

19. Consider the 10 numbers ar, ar?, ar’, ... ar'®. Their
sum is 18 and the sum of their reciprocals is 6. If
the product of these 10 numbers is a’ (where a and
b are prime), then the value of a + b is

20. Let ay, ay, as, ..., ayg; are in G.P. with a;4; = 25 and

201 201

Zai = 625, then the value of za_ equals to

i=1 i=1
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